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# A,H,K     i : A → H, j : A → K  ++
	:6
 5    H  K 	 7 A  		 
H ∗A K =
〈
H,K
∣∣ i(a) = j(a) ∀a ∈ A〉 .
%   (		 )**3  6  	  
		 H =
〈
H
∣∣ NH〉  K = 〈K ∣∣ NK〉3  	  
  
H ∗A K =
〈
H unionsqK ∣∣ NH unionsq NK unionsq {i(a)−1j(a) : a ∈ A}〉 .
52    A  3 	   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  	 	 H ∗K
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γ  	 	 		   H ∗A K3 	  :  γ = γ1 · · · γn
 γi ∈ H unionsq K    2 γi  γi+1 	 	 : 	 
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 51     n = 1  γ1 = 13   n  2 
γ1, . . . , γn ∈ i(A)unionsq j(A)
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   1		 	 D3 +8 /?
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3,4 22 ! γ = γ1 · · · γn ∈ H ∗AK ## !6 ! 8&!
 &!2  γ 8  8&&#   H ∗A K
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	3 	 	 	  3 2  

3,4 22 ! i : A → H  j : A → K  9##9!#
! !+ : &  9##9!# φ : H → Γ  ψ : K → Γ 
) φ ◦ i = ψ ◦ j2 ! /!  !) 9##9!# Φ : H ∗A K → Γ 
)  !## !* ## ,
H






i
 




φ

A H ∗A K


Φ  Γ






j
 




ψ

K

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  
# (  H  N 3 	 21	 ++ α : H → Aut(N)

5       3 	 HN = HαN 3 	
 1	 H ×N      	
(h1, n1)(h2, n2) =
(
h1h2, n1αh1(n2)
)
.
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H × Sym(N)3  1	 (h, n) → (h, τn ◦ αh)3 A τn(x) = nx
 *	
2  1	 α  3 	   		   

  (   "3 	    	
		 K  Γ  H 	   3 	 
Γ H = Γ α
⎛
⎝⊕
γ∈Γ
Hγ
⎞
⎠
 αg(h)(γ) = h(g−1γ) ,
7 543    
A Hγ = H   γ  (⊕γ∈ΓHγ)  	 1	  6		 Γ → H
7  	

51(   	 		 2 	 	   	 
  ZZ = Zs(⊕n∈ZZ)
 51	     		  sm(h)(n) =
h(n−m)
 # 	 	 δn     	 n3 1"7"  6		 		
  1 	 n  0 3 1	 1 sm(
∑
n∈Z hnδn) =
∑
n∈Z hnδm+n
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5	 Z[t, t−1]  1	 δn → tn
 51	  Z  Z[t, t−1] "
		      	   	  t3 7 
sm(p) = tmp
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/6 22   + X   & ,
1 8 #(  2 & Som(X) $
1 8 #( 8@2 & Ar(X) $
1 8 !*!  ! "/ Ar(X) → Ar(X), e → e¯ $
1  / +! o, t : Ar(X) → Som(X)  ) t(e¯) = o(e) 
o(e¯) = t(e)   = e
	  6 e−3 	 e+3    o(e)3 	 t(e)
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	 	 21	 @ e  6  	 e− = e+3 2 
	   
  3    2  	 t(e′) = o(e) 
o(e′) = t(e) 	 6 	 21	   	 e′ = e¯
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(x, y)  21 ( 	 @ 	 x  y

U	  +   	   	 Som(X)  Ar(X) 	 	

/6 22 ! X  9  		  X   !
A ⊆ Ar(X)  ) Ar(X) = Aunionsq A¯   + 	   9 #!
8 !!
 34	   54    	  54
'	 1 3 	 	  + 	3  +2  1@
(e, e¯)3 7 + 1	  (
 * 			 			  ( 
   6		(   +

& 22 ! n ∈ N∗  9 Drn2 Dr∞  Cirn  ,
 Som(Drn) = {0, 1, . . . , n} $
Ar(Drn) =
({0, . . . , n− 1} × {+1}) ∪ ({1, . . . , n} × {−1})
(i,+1) = (i + 1,−1) ; (j,−1) = (j − 1,+1) $
(i,+1)− = i ; (i,+1)+ = i + 1 ; (j,−1)− = j ; (j,−1)+ = j − 1
   
0 1 2 n− 1 n
(0,+1)
(1,−1)
(1,+1)
(2,−1)
(n− 1,+1)
(n,−1)
% Som(Dr∞) = Z $
Ar(Dr∞) = Z× {−1,+1} $
(i,+1) = (i + 1,−1) ; (j,−1) = (j − 1,+1) ;
(i,+1)− = i ; (i,+1)+ = i + 1 ; (j,−1)− = j ; (j,−1)+ = j − 1
  
−2 −1 0 1 2
(0,+1)
(1,−1)
(1,+1)
(2,−1)
(−1,+1)
(−0,−1)
(−2,+1)
(−1,−1)
7 Som(Cirn) = Z/nZ $
Ar(Cirn) = Z/nZ× {−1,+1} $
(i,+1) = (i + 1,−1) ; (j,−1) = (j − 1,+1) ;
(i,+1)− = i ; (i,+1)+ = i + 1 ; (j,−1)− = j ; (j,−1)+ = j − 1
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n = 6 0 = 6
12
3
4 5
(0,+1)
(1,−1)
(2,+1)
(3,−1)
(4,−1)
(3,+1)
(0,−1)
(5,+1)
(1,+1)
(2,−1)
(5,−1)
(4,+1)
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/6 22 ! X  9  x ∈ Som(X)   	 -
 .  x  ! v(x) ∈ N ∪ {∞} & 
v(x) := |{e ∈ Ar(X) : e− = x}| = |{e ∈ Ar(X) : e+ = x}| .
! v(x)  "!   ## x2  9 X  ! 	 	
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2  +   + f : X → Y   
8!!
f0 : Som(X) → Som(Y )  f1 : Ar(X) → Ar(Y )
 ) f1(e¯) = f1(e)  f0(e±) = f1(e)±   = e ) 
#9!#  !*!(2   8+   +
!  9  !&2 !  A ⊆ Ar(X)  B ⊆ Ar(Y )2 
 +   + 	  #9!#  9 f : X → Y
)!  8!!2 866!  ) f1(A) ⊆ B
% 		   		  		   	
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/6 227 ! X  9  n ∈ N∗
1  +	   n  X   #9!# Drn → X $
1  +	 		  X   #9!# Dr∞ → X $
1     n  X   !#9!# Cirn → Y 2 F
Y   69  X
  22)  9#! -  n.  # &#!& 
 = !#  (0,+1), . . . , (n − 1,+1) !  9  #(!!2
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  &# 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  0, . . . , n
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U	 +	 f : Drn → X 	   f1(i,+1) = f1(i,−1)  
i = 1, . . . , n−1   	   	 	
 5 
f0(0)  f0(n) 	 1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/6 22.  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9 8!"##  6
   !!
	        +  (    ! "#
 + 
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9 X  		( !   ## x, y !
/!  9#! 8!! x   ## #! y
# 	  + 		( X3 	 	 	 	  Som(X) 	 "
		 d(x, y)  1	  	   +	  x 7 y

/6 225  9#! -&*# !"!. f : Dr∗ → X 
 2 ! 8!! f0 : Som(Dr∗) → Som(X)  !#&!) -
# /  X  8!#  #!   ! !6
.
5  2 	 (  x, y 	 (	  +	
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/6 22 !   Γ !   9 X  
		  ! (γ, e) * γ ∈ Γ  e ∈ Ar(X)  ) γe = e¯
  	
%  &	''
5 		 2  	1   7 6 2    	"
	 23   1    		 		 21	  
1    2 P + Q

7 543    
/6 22 ! Γ    S = (si)i∈I ∈ ΓI    + 
%,, !&  Γ  S   9 X &  ,
Som(X) = Γ ; Ar(X) = Γ× (I unionsq I−1) ;
(γ, i) = (γsi, i−1) ; (γ, i−1) = (γs−1i , i) ;
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Som(X) =
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Γ/H
) unionsq (Γ/K) ; Ar+(X) = Γ/A ;
(γA)− = γH ; (γA)+ = γK .
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Som(Y ) = Γ/Λ ; Ar(Y ) =
(
Γ/H unionsq Γ/K) ;
γH = γtK ; γK = γt−1H ;
(γH)− = γΛ ; (γH)+ = γtΛ ; (γK)+ = γΛ ; (γK)+ = γt−1Λ .
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	  	 	 +	 fγ = f : Drn → Y  f0(i) = λ0tε1λ1 · · · tεiλiΛ

f1(i,+1) =
{
λ0t
ε1λ1 · · · tεiλiH  εi+1 = 1 ;
λ0t
ε1λ1 · · · tεiλiK  εi+1 = −1 .
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	  d(γv, v) 2  γ ∈ Γ  	  "  	 	  t 
Stab(v)
 # d(γv, v) = 03 	  γ ∈ Stab(v)
 # d(γv, v) = n  13 	 	"
8 	 +	  2 f 1 	 v    	 γv
 *	
 @ P	Q a0, . . . an−1
 # a0  	 	 	 T 3 
( g ∈ Stab(v)  2 ga0 = e2
 	   		 d(gγv, v) = n 
 @ e2 = ga0, ga1, . . . , gan 		 	  2 	 v  gγv

8 3 t−1gγv  7 	 n− 1  v
  +,+8 1		 t−1gγ
 	  "   Γ 	 	  t  Stab(v)3  	 γ 
 #
a0  	 	 	 	 T 3  ( g ∈ Stab(v)  2 ga0 = e1
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 # γ′ = sntεnsn−1 · · · tε1s0 ∈ Γ′
 si ∈ Stab(v)  εi = ±1 P Q
 # n = 0  s0 = 13  
 2 Φ(s0) = s0 = 1
 / 6 	 	 2  n  13  Φ(γ′) = 1

	  	 γ0 = s03 γi = sitεiγi−1  i = 1, . . . , n   =  	
2 d(γiv, v) = i   i

#	 2   v0 = v, v1, . . . , vk 		 	 +	
 2 P 	  kQ 	 T 
 # v1 = e−1 3     
(v, e+2 = tv0, tv1, . . . , tvk) 	 	  2  	  k + 1
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@3  v1 = e+2 3    (v, e−1 = t−1v0, t−1v1, . . . , t−1vk) 	
	 +	  2  	  k + 1

5  2  v0 7 γ0v0  6    v0
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	 	  +	 P 	  iQ : 		 v0 7 γiv0 K  
+	  v0 7 γi−1v0    v0, v1, . . . , vi−13   +	  v0
7 γiv0  	    (siv0 = v0, sitεiv0, . . . , sitεivi−1)

	 	 P	Q 2  +	 	  2
 B (
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 +	 v0, . . . , vi−1 : 		 v0 7 γi−1v0 K
R 6 v1 = e−1  εi = 1 S
R 6 v1 = e+2  εi = −1

#	 1 2 εi = −1
 # εi−1 = −13 1@ : 		 v0  v1 =
si−1tεi−1v  	 	 	 	 T 
 	  	 v1 = e+2 
 # εi−1 =
13 	  si−1 ∈ Stab(e2)  1  γ′  
 	 	 	
 	 v1 = si−1tεi−1v = e+2 
 # 	  2 εi = −13 	 	 
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$ 
f(x)  0   x ∈ X
 	 	 f  0
 	  	  1  6		
		 X → C , x → 1

/6 2 2  ,		   #( X   +# !&!
m : ∞(X) → C !!* -866!  ) m(f)  0 ! f  0. 
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/    		 2m  2	 		 K 	 	
	 H |m(f)|  ‖f‖∞   f ∈ ∞(X)

& 2 2 ! x1, . . . , xn ∈ X  +# !&! m  ∞(X) &
 m(f) = 1n
∑n
i=1 f(xi)   #'  X
# 	   Γ    X3 	 	 	 	3  	3  ∞(X)
	 	 (γ · f)(x) = f(γ−1 · x)
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m(γ · f) = m(f)   γ ∈ Γ  f ∈ ∞(X) .
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		
αX : Γ → U(2X) ; αX(γ)(f)(x) = f(γ−1 · x)
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x1, . . . , xn.2   #'(  K2  #' m(f) = 1n
∑n
i=1 f(xi)
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f : X → Y  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! ! 8!  X  #'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2
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  	 	 	 	 Γ"2	 f∗ : ∞(Y ) → ∞(X)
	 	 f∗(ϕ)(x) = ϕ(f(x))
 '	 H3
f∗(γ · ϕ)(x) = (γ · ϕ)(f(x)) = ϕ(γ−1 · f(x)) ,(
γ · f∗(ϕ))(x) = f∗(ϕ)(γ−1 · x) = ϕ(f(γ−1 · x)) ,
 	  Γ"2	  f 		 f∗(γ · ϕ) = γ · f∗(ϕ)

# 			 m 	 ,		 Γ"		  X
 5 ,		 μ 
Y 	  μ : ∞(Y ) → C ; ϕ → m(f∗(ϕ))  Γ"		 
μ(γ · ϕ) = m(f∗(γ · ϕ)) = m(γ · f∗(ϕ)) = m(f∗(ϕ)) = μ(ϕ)
  γ ∈ Γ  ϕ ∈ ∞(Y )
 
5 		    ,		     		 ,	"
	  		 	  1	 ,		

/6 2 2)   Γ  ,		 ! 8!  !6#=# 
! - 9.  #'( 	  ! 		 ,		
8!  !*!  ! 8!   !  #'(
?  	 I   44	: :  354 
  2 2. ! Γ  
 8!  Γ  !  !  #'( !  #
! Γ  #'(
% ! Γ  #'(2 !  !&!# #'(
   PQ3 	  2 1	 Γ → Γ ; γ → γ−13 A  8
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 51	 Γ → Γ∗ ; γ →
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ξ, η ∈ H3  6		
ϕξ,η : Γ → C ; γ →
〈
π(γ)ξ
∣∣ η〉
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  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/6 22    2  k &&    (Γ, S)
F Γ     S = (s1, . . . sk) ∈ Γk   +#! &&!
-&.  Γ  !@  & 2    Γ
# (Γ1, S)  (Γ2, T )    2  k  	
 U	 
    %  & 	 (Γ1, S) 
(Γ2, T )  	 ++    f : Γ1 → Γ2  2 f(S) = T
P (f, . . . , f)(S) = T  @ Q
 	 	 	 21
(   	 ++ 2 	 (   2  2
	     :6
 U	    	 ++
2 	

*	 a1, . . . , ak   	    Fk
 5 6 φ(ai) = si
6	 	 		 "	2 	    2  k  "
	   ++ :6 φ : Fk → Γ
 9	 		 	

 34	  7 4  54 N:
  2  k  	 (Γ, S)  w ∈ Fk  2 φ(w) = 13 	
 V w = 1 	 (Γ, S) W  V w =
(Γ,S)
1 W

  22 ! (Γ1, S), (Γ2, T )   #)&  φi : Fk → Γi
-i = 1, 2.  9##9!# !&   #)& (Γ1, S) 
(Γ2, T )  !#9 !  # ! Ker(φ1) = Ker(φ2)
   21 ( 	 ++ 2 (Γ1, S) → (Γ2, T )3 
 	  =	 2 Ker(φ1) ⊆ Ker(φ2)
  21  	
P1 (Q3   	  =	 2 Ker(φ2) ⊆ Ker(φ1)
 
U	 +    2 f : (Γ1, S) → (Γ2, T ) 	 	 "
+   + f¯ : Cay(Γ1, S) → Cay(Γ2, T ) 		  f¯0 = f 
f¯1(γ, i±1) = (f(γ), i±1)
 '	 3     2 (Γ, S)3
1++ φ : Fk → Γ  	 	 +   +
φ¯ : Cay(Fk, (a1, . . . , ak)) → Cay(Γ, S)

*	 2  		  !	 K  + 	
(Γ, S) → (Γ, S) 	  + 	 Cay(Γ, S) → Cay(Γ, S)
  f1, f2 	 ( ++ 23 	  f2 ◦ f1 = f¯2 ◦ f¯1
 '	
3  f  	 ++ 2  "   φi 
1++  7 (Γi, Si)3 	  φ¯2 = f¯ ◦ φ¯1

.	 2   +  %,, 	   + 	 P  "
 1Q  2  @ 	 2   	 1, 1−1, . . . , k, k−1

 		3  + f¯ 	 "  :  "
2  @   	 

+ 22 ! (Γ1, S), (Γ2, T )   #)&  k &&
 φ1, φ2  9##9!# !&  ! !*  &)!*6
 ,
-!. ! /!  -!.#9!# #)&  (Γ1, S)  (Γ2, T ) $
-!!. ! /!  -!.#9!#  9 F : Cay(Γ1, S) → Cay(Γ2, T )
 ) φ¯2 = F ◦ φ¯1 $
-!!!. ! /!  -!.#9!#  9 F : Cay(Γ1, S) → Cay(Γ2, T )
)! &*  &!)  =
  	 	      +

PQ⇒PQ K / =  	 F = f¯ 

PQ⇒PQ K 5 + F  PQ 		  PQ

7%  45	  84  54 N: 
PQ⇒PQ K # γ2 = F0(1) ∈ Γ2   t 1+  Cay(Γ2, T )
	   		 P7  +Q  γ−12 
 ] 7  F  t ◦ F 3
	   2 F0(1) = 1
 	 	  2 1	 f = F0
 	 ++ 2  Γ1  Γ2 

	 S = (s1, . . . , sk)  T = (t1, . . . , tk)
 % f(1) = 13 	 
F1(1, i) = (1, i)   i3  2 	J	 f(si) = ti   i
 5
6		 f  	  2 
  @3 	  F1(1, i−1) = (1, i−1)
  i3  2 	J	 f(s−1i ) = t
−1
i   i
  		  n3
	 	 f(sε1i1 · · · sεnin ) = tε1i1 · · · tεnin   n3   	 i1, . . . , in
   ε1, . . . , εn ∈ {±1}
  3 f  	 +   
2

	 2 		 2 	   3  	  1	 "
+3 	 	  		 	 +
 
  22 	  M  )  9 Cay(Γ1, S)  Cay(Γ2, T )
! !#9  )   #)& (Γ1, S)  (Γ2, T )  !
  / =  	 (   	 Γ1,Γ2  @ "
	  		 +
 # S  T 	  2   Γ1  Γ2 2
			 (	 	 6 +2 	   3   +
Cay(Γ1, S)  Cay(Γ2, T ) 	 +3 	 2    2
(Γ1, S)  (Γ2, T ) 	  	 
 
/6 22       2  k  	
   Gk 8#(   8!#9!#   #)&
/    	 2 8 21	  	 Gk 7 K
R 1	   1+ P	  2 
@Q   +  %,,    2  k  	 S
R 1	   12	 1++ Fk → Γ "
:63 ( ++ 	 2	 1 	  	,(
 ( S
R 1	  "  	(  Fk

 *  $   (
9	 		 X1,X2 ∈ P(Fk)3 	  d(X1,X2) = e−ν(X1,X2) A
ν(X1,X2) = inf
{|w| : w ∈ X1X2}
- 34	  7 4  54 N:
P	 		 2 d(X1,X2) = 0  ν(X1,X2) = +∞Q

+ 22 8!! d : P(Fk)×P(Fk) → R   ! 6
#&!)
  5  	 		  7 	  1	  	  6
d(x, z)  max
(
d(x, y), d(y, z)
)

 3 	 		 X1,X2,X3 ∈ P(Fk)3 
w ∈ X1X33 	  		 w ∈ X1X2  w ∈ X2X3
  3
	  ν(X1,X3)  min
(
ν(X1,X2), ν(X2,X3)
)
3 1A 1	  +
 
	 1	 			 (   1 2 (P(Fk), d)

8	 22  ! !!  d  P(Fk)   !
! (  !!" P(Fk)  {0, 1}Fk 
   r ∈ N3 		 Br   P6Q  ,	 r 	 Fk
	 	 1	 	
 # (Xi)i∈I 	   	 	 P(Fk)
 X ∈ P(Fk)
 	   +J	 12	 	 P   
(8 7  8  	3 	   	   BrQ K
lim
i→∞
Xi = X     
⇔   w ∈ X (
 w ∈ Fk \X) 	  w ∈ Xi ( 
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⇔   r, 	  Br ∩ (XXi) = ∅  i  	
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% 	  
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'	 3  N  Fk3 	  Γr =
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a1, . . . , an
∣∣ Br ∩N〉
 %  
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C  	3 	  R ⊆ Ker(φn)  R  	
     n3 
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P*	 21 	1  3  21	  | − x|m = |x|m3  2
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  	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 Z ∩ pi11 · · · pi Zm = pi11 · · · pi Z   i1, . . . i ∈ N
*	 P   7 1		( %Q 2 1+  	 PQ 
	   + Z/mhZ ∼= ⊕s=1Z/phkss Z 

51		 Zm 	1	 	  	  	8 3 	 	    
		 +    	  	 P Q
 	  		"
	 	 	 		        K
/6 2 2 >&"!! %A ! m  !  ) |m|  2  !
p1, . . . , p  + #! ! E   6#(  Zm 
 !  2    	  	 P Q  &&#  E
 8!) #( pi11 · · · pi -* i1, . . . , i ∈ N.  ) 8!& &
 E ! pi11 · · · pi Zm
! |m| = 12    *! pgcd(Zm) = 1
	 2 2  1		  	8 3 1"7"  m = pi3 	 		
 +	   		 +   
 ? 			  	
		  	 	 	 	 	

+ 2 2 >## 7A ! m ∈ Z∗  ! m′  !*!  m
! m′ = ±pj11 · · · pj′′  m = ±pk11 · · · pk  &#!!  +
#! -* ′    js  ks  s = 1, . . . , ′.  ! π : Zm → Zm′ 
#9!# !!    ! Z/mhZ → Z/m′hZ - h  1.
-.   π(n) = n   ! n $
-(. ! d = ±pi11 · · · pi′′ * i1, . . . , i′ ∈ N2  π−1(dZm′) = dZm
  
	   

	
% 	 +  	 (  2 1  	 
      ! " #3 1  DE  	 "
	  5 , DE
 P% 6	 	   	  		(
!  %
Q * 	 	   1(	  1		  "
  	 6    23 	   7 	 
 2  1+	     ! "# 	 G2
 0@
 	 	1	   	   7    		3 	 	
 	 	   3 2 	 			 	 	 
+


 ,  -   . /
	 DE3        ! "#   P
1		( !Q
 %		3     	 2 18	 @ 
3 	  2 	 	 	 	 

   
   )
9	 		 ( 	  	 ( p  q3 	 	8 
 	 		  K˜p,q(t) = (pt, qt)
 ' 	 	  6
    T2 = R2/Z23 2 6	 	 	 Kp,q3  	 3
 	 	 P+Q  T2 	 R3
 % 	   6 
	1 2 	3 	  ( Kp,q    	3 2 

 34	  ? ;   56	 
	  Tp,q = π1(R3 \ Kp,q)
 /  	 		 2    Tp,q 
 		
〈
a, b
∣∣ ap = bq〉 P DE3 ( ?/
  DE3 
 -Q
 	
 Tm,n =
〈
a, b
∣∣ am = bn〉  	  		 7   
1	 		 	
 	  	   2 Tm,n  2  
 	 a  b

5 	     	 2 7 + 8 
	 		
 * 	 			 			 	 

8	  22 -. ! |m| = 1  |n| = 12   Tm,n ∼= Z
-(. ! |m|, |n|  22   Tm,n/Z(Tm,n) ∼= (Z/mZ) ∗ (Z/nZ)
-. ! |m|, |n|  22   Tm,n  Tm′,n′  !#9 !  6
# ! {|m|, |n|} = {|m′|, |n′|}
  51	 PQ  

%			 PQ3 	 2 1 2  |m|, |n|  23  	
 Tm,n   "  P	Q Cm,n 	 	  a
m = bn
 '	 H3
	  	 Cm,n ⊆ Z(Tm,n)
 1 3  2	 Tm,n/Cm,n
 	   (Z/mZ) ∗ (Z/nZ)3 1A 	  Z(Tm,n/Cm,n) =
{1}
 3 Z(Tm,n)  	 	 1  2  Z(Tm.n/Cm,n)  
:	 		2 Tm,n → Tm.n/Cm,n3 1A Z(Tm,n) = Cm,n
  	3 	 
Tm,n/Z(Tm,n) ∼= (Z/mZ) ∗ (Z/nZ)  	 3 Tm,n 	1  ,2
		

  	 PQ3 	 2 1 2  {|m|, |n|} = {|m′|, |n′|}3 	
 	 Tm,n ∼= Tm′,n′ 

	  			 2    Tm,n  Tm′,n′ 	 +

	 	 |m′|, |n′|  2  PQ  PQ
 5   (Z/mZ) ∗ (Z/nZ) 
(Z/m′Z) ∗ (Z/n′Z) 	   	 +
 #	 	 7   	"
3 	   2 n′  ( 	    m,n,m′, n′
 2 |n|  |m|
 5   (Z/mZ)∗(Z/nZ)   	 	
1 |n′|
  D3 +8 /?

E3 1	  	  6 Z/mZ 
Z/nZ   	 	 1 |n′|
    +,+8 "3
 	 |n| = |n′|
 %  	  1	  (Z/mZ) ∗ (Z/nZ)3
	 (Z/m′Z) ∗ (Z/n′Z)3  |mn|3 	 |m′n′|3  	
|m| = |m′|
 
*  			      Tm,n 	  	 K
? 		   ;	  54 P 4
  
8	  22 >4!! %A
-.   Tm,n   G2 * F2 = F(a, b)  m,n →∞
-(. 4  m ∈ Z∗2   limn→∞ Tm,n = Tm :=
〈
a, b
∣∣ [am, b] = 1〉
    #)&  (a, b)
* 	  	     7 + 8
 5
   	 K
8	  22 >4!! %%A   Tm  Tm′  !6
#9 !  # ! |m| = |m′|
5 +	2   	  @ 2   	 



  
  			
5        ! "#   2 
 6 2     	 	1(	  :
 	 
			 	 6	 (  K
3,4  22 > 9&@#   %A
-. 4 |m|, |n| → ∞2   BS(m,n) → F2 = F(a, b)
-(. 4 |n| → ∞2   BS(1, n) → Z  Z
	  		  	  3     ! "#
	 2  (a, b) P6 		 (  	Q
 5  
Z Z = Z Z[t, t−1] PA   	  Z   	 	  ,	G
 5	  tQ  2	 7  2  (1, 0)  (0, 1) = (0, t0)

9	 		 	   2 (Γ, S)3 		 g(Γ,S)     P
		 

-Q   +  %,, 
 51		 PQ  	 ("
	 2  	 gBS(m,n) 		  1		  |m|  |n| 		
 1		
    8 6 7 

    %		 	   	    1 	   +
Cay(BS(m,n), (a, b))
 # w 1	  F2 P	    	 
Q 2   
 	  w = 1 	 BS(m,n)   	2	 w 	1
  P  7   1(		 )**  BS(m,n)Q
 
   !	3 w 		 	 "  , abkma−1  a−1bkna
 k ∈ Z∗3  2 	J	 gBS(m,n)  min{|m|, |n|}
 
 34	  ? ;   56	 
	  		    (       +
 %,,     ! "#
 	 		 	 	 
	     	  (		 )**

9	 		 	   2 (Λ, S)  Γ = HNN(Λ,H,K, φ)3 	
		  2 Γ  t P  Q  S
 	 	 |.|  	 
   7 Λ  S P 		 

Q  	  K
α := min {|h| : h ∈ H∗} ;
β := min {|k| : h ∈ K∗} .
3,4  22 > 9&@# 7A ! (Λ, S)2 Γ2 α  β  ## *2
  min {gΛ, α + β + 2, 2α + 6, 2β + 6}  gΓ  gΛ
*	 2  	       +  %,,  Λ
1	: 	   Γ

# 	 2  +8 

      BS(m,n)3  	
gΛ = +∞3 α = |n|  β = |m|
 / 1	 21	 
gBS(m,n)  min{m + n + 2, 2m + 6, 2n + 6} .
1 3    BS(m,n)   	   abma−1b−n3
abma−1bab−ma−1b−1  a−1bnaba−1b−nab−13 2 	 	  	"
  m + n + 23 2m + 6  2n + 6
 	 	 	   	3 2
	 2  	 	6  +8 

  

  227 >4!! 77A 4  m,n ∈ Z∗2    !
 9  ''  BS(m,n)  min{|m|+ |n|+2, 2|m|+6, 2|n|+6} .
# 	 	  	 PQ  +8 

3 	  6	 21
1  1	      ! "# 

   22) !  "/  ! m  ) |m|  22  !  
#)& BS(m,n)  *   |n|  * 8!"!
  # w = a2bma−2ba2b−ma−2b−1
  |n|  23 	  6	
 B    !	 2 w = 1 	 BS(m,n)   	  n
   m P1  	 	 	2	   !

Q
 	
	  B   


 
51 G2 	 3   (BS(m,n))n 	  
" 	 	
 /  	 	3 	 		 	  (kn)n
? 		   ;	  54 P 4
  
1	 		 	3   	 7 2 		   (BS(m,kn))n
 	 
 #  +8 !

 		 :7 	 	 3 
	 8  		    	 K
3,4  22. > 9&@# 7EA ! m ∈ Z∗  ! (kn)n  !
8!    ) |kn| → ∞  n → ∞  ! (BS(m,kn))n
*  G2 !  # !  !! !*  !+! ,
-!. ! /! d  ) pgcd(m,kn) = d  n 0  $
-!!.  ! (knd )n *  Zmd 
51+,+8 V |kn| → ∞ W      1+	 V +"
 2 W 		   2 	 	 		  6  	
	
 * 	2	 			     	    
+8 

-3 	 	 	  

5 	 	 	   2  		 PQ  PQ 	
	3   	 K
+  22 >## DA ! m,n ∈ Z∗2 d = pgcd(m,n)2 m1 = md 
n1 = nd  !  k ∈ Z2 h  1 
w = ah+1bma−1b−ka−hbah+1b−ma−1bka−hb−1 .
! |n|  22   w = 1  BS(m,n) !  # ! n ≡ k (modmh1d)
   =	  		 PQ  PQ3     
	 2   	 63 	  (+ 	 	 6 
 	  	 1	  w 	  H	 BS(m,kn)
P   !

 7 !

3 %

  %

Q
 %  1 7 1"
	 	 K  w = 1 	 BS(m,kn)  n  	3  w = 1
	 BS(m,kn)  n  	
  5  

 	  2  
(BS(m,kn))n 	  	 G2

F   +8 

-3 	  6	  1		 	3
2   	 K
  225 > 9&@# D%A ! m ∈ Z∗  ! (kn)n  !
8!    ) |kn| → ∞  n →∞ !  ! (kn)n *
 Zm2   ! (BS(m,kn))n *  G2
 
( 	

    n0   w = 1  BS(m, kn) 	  n  n0
   n0   w = 1  BS(m,kn) 	  n  n0 
- 34	  ? ;   56	 
8  	  	  6 	   3 	 
     ! "#

/6  22 >&"!! HA : & m ∈ Z∗  ξ ∈ Zm2 
&"!   #)&  / && BS(m, ξ)   +#
BS(m, ξ) = lim
n→∞BS(m,kn)
F kn  8!# ) ! 8!  ) |kn| → ∞  kn → ξ 
Zm - n →∞.
%      	 23  	 7 "
+ 8     ! "#  	 		 P  +"
8 

Q
  	3 	 	1	   	     
BS(m, ξ) 7 + 8 	      
 * 	 X
	 		 1	 	 	       2

 	 3 	 	 3  B  +8 

-3 	 2
	 m"2 		  @ 	  G2

  22 >! 7CA ! m ∈ Z∗  ξ, η ∈ Zm 
 #)& BS(m, ξ)  BS(m, η)  !#9 !  # 8!
/! d ∈ Z∗  ) pgcd(m, ξ) = d = pgcd(m, η)  π( ξd ) = π(ηd )  Zmd 
%   

3 π : Zm → Zm
d
  + 	  
:	 Z/mhZ → Z/(md )hZ3  h  1

   22 ! d  !K&  12 ! 8  !*!(  Zm
4 2 8&)! dx = 0 # x = 0 ## !) ! -(!
) Zm  !  !@.    &"!
ξ
d ## 8!) &&#
ζ ∈ Zm  ) ζd = ξ  @  #=#  ηd 
      # x  2 dx = 0
 	 	 	
 1	 (xn)n  2 xn → x
 	  dxn → 0 	 Zm3  2
	J	 2  	 dxn 	   	   	 
 	  m
 5 	 xn 6	  @ 3  2 	J	
xn → 0 	 Zm3 1A x = 0
 
  ( *	  
 + 
		,
N(	 m ∈ Z∗  n ∈ Z∗   ∈ N3 	 	 Γn,  " 
 BS(m,n) 	 	  a  bm

P	   ( 	 
?% :   45	N $
2 Q
 	 2 2  m  n 	  	 (3 	 
Γn, = BS(m,n)   
 5 	    (Γn,) 	 	
 2   2 
 	 1	 			 ( 	 
  6    Γn,

# 	   = 03 	      ! "# 
	  	 	
 # (kn)n  	  1	 6	 
		 PQ  PQ  +8 

-3 		 L  	    
(BS(m,kn))n
 /     2    ∈ N3   (Γn,)n
	   |n| → ∞   "   L 	 	  a  bm P	
	 	 a  b  	  2   LQ
    3
	 		   	 K
3,4  22 > 9&@# %?A ! m ∈ Z∗
-. 4  n ∈ Z∗2   Γn, → Z  Z[ pgcd(m,n)ppmc(m,n) ]   → ∞2 F 
&&  Z !  Z[ pgcd(m,n)ppmc(m,n) ]  #!! 
n
m  F 
! #!6!  #)&  (1, 0)  (0, 1)
-(. 4 |n| → ∞  →∞2   Γn, → Z  Z2 F Z  Z  ## *
#)&   &&# (1, 0)  (0, 1)
5  PQ  :7 		  !  # 	  		
	 D3 	 
  
-E
 '	 	    PQ3 	 1	
3   C+	  
 1 3 	  	 2  m  n
 	 (  |m|, |n|  23    BS(m,n) K
R 	 !	 		 P	  	 2  		 "
 8  + 	1  	6	    Q DE S
R 	 	  	!	 		 		 P1"7" 7 		
 N\	 	6 		 	Q D3 	 
E

U	   		     ! "#  		
  BS(m,n, ) =
〈
a, b
∣∣ (abma−1b−n) = 1〉3  m,n,  ∈ Z∗ P 
	 a  b  2 Q
   = ±13 	    
 ! "#
      3 	  6	 
 	  D3 	 //

-E K
8	  22 >4!! %DA  ||  2  
#)& BS(m,n, )  * F2 = F(a, b) @ )8  ! #@
|m|2 |n|2 ||  * 8!"!
& 34	  ? ;   56	 
 0 (    %&
' 	 G2
	   	      ! "# 
 	 m"2 P		 

Q
 #   1		  Zm 	1
  		 	 G2 7 	 			3    2 
		 @  7   	  

3,4  22 > 9&@# ?%A 8!! BS(m, .) : Zm → G2 
!  ! !*  Z×m   m ∈ Z∗
51	:  Z×m 	   


 / 6 			 2
2  BS(m,n) 	 	  	 1    	
 '	 H3 
 abma−1b−n 	 	 	 		   BS(m,k)  k  	 
	 	 	 		   BS(m, ξ)   ξ ∈ Zm
  	2	
1	 Zm = Im(BS(m, .))  @   	 6	8   
 ! "# G 2   +	

   22 ! m ∈ Z  ) |m|  2  +! Z∗ → G2 &
 n → BS(m,n) 8 !   ! !  #! Z∗  
! m6!)
  # n ∈ Z∗
 	  n + mk → n P k → ∞Q3  2 	J	
BS(m,n + mk) → BS(m,n)
 3 	  BS(m,n) = BS(m,n)
 % 	
2  6		 	1  		 	 n
 
 	3 	 	 	 6		 		 	 	 	 K  	 	
Xm 1	    2 BS(m,n)  n  7 m3 	 	
 +8 	

3,4  22 > 9&@# ?A ! |m|  22 8!! Xm → Z×m $
BS(m,n) → n  !+#&# !  2  #  6
# ! Xm → Z×m )!   !+2 #!  ! !+
N		3 	 	  8	  6	8  Xm

  22 >! ??A 4  m ∈ Z∗2  +!@  Xm
 G2  8#(
{
BS(m, ξ) : ξ ∈ Z×m
}
2 )!  9#&#9  Z×m
?7 44	: :  54 BS(M, ξ) 
 !   BS(m, ξ)
  ,  
* 	 		  1  8  
 5  
   	 	   2 (Γ, S) 1 ( 	  + 23
	 		 	1 2  w ∈M(S)3  	 	  	  1 
 w 	 Γ  1	 	
 5   	  	  w

U	  	      =	  +8 

-
 1	 	 		 2	6 P %

Q 23 7  1	
	 		 	 m   ξ ∈ Zm3 6	 	 	 		 	 n  21	 
w = 1 	 BS(m, ξ)   	  w = 1 	 BS(m,n)
 % 
8     	     ! "# P B
   !	Q3    	 	2	 K
8	  22 >! 7HA 4  m ∈ Z∗  ξ ∈ Zm2 
(@#  #  &(    BS(m, ξ)
 # 	  
 BS(m, ξ)
U	    ! "# BS(m,n) =
〈
a, b
∣∣ abma−1 = bn〉  
 	   !"# P 	 

Q
 /    	   
 P  QQ   	8 	 K a · x = nmx  b · x = x + 1
 %
	 =	 6     P2Q Z  Z[ pgcd(m,n)ppmc(m,n) ] 	
	  +8 



F    	 	     ! "#3 	
 	  	   BS(m, ξ)3  	    Qp 
=	
   ( 	 	3  1	  1 	 
 	  
 5 2	  1(	  1	 =	  		
	

    1	 =	3 	 	  		   A m  	
	 3 21	 	 p

3,4  22 > 9&@# DA ! p  #( #!  !
ξ ∈ Zp2 ξ = 0  (!  ! M  BS(p, ξ)  Qp  
a · x = ξpx  b · x = x + 1
 1	  	 3 	     	 m ∈ Z∗
 9	 		
ξ ∈ Zm3 	 	 	  (kn)n 1	 		 	  2 |kn| → ∞ 
kn → ξ  n → ∞  	 	 Tn 1  !"#  BS(m,kn)

 34	  ? ;   56	 
# 	 	 Hn3 	 H
m
n  "   BS(m,kn) 	 	
 b3 	 bm3 	  Som(Tn) = BS(m,kn)/Hn    @
Ar−(Tn) = BS(m,kn)/Hmn 

	 + 1   @ 	 	 	  
  V 		 	  n W
 '	 H3 1	  @ 	
	   2	  BS(m,kn)   "  	 	 
bn P	 		 	 nQ
 	 1		( %3 	 	 +  	
BS(m,kn)/Hmn  	 1	  @ 	 $	

	  			
Y =
( ∏
n∈N
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ww¯ : w = abα1 · · · abαka−1bαk+1 · · · a−1bα2k
* k ∈ N∗, αi ∈ Z (i = 1, . . . , 2k)  w · v0 = v0
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′Hmn )n

5 +	 pBS(w) 	 	 	    (v0, v1, . . . , vn) 
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89##6
9!# & 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p  8( Xm,ξ2  ## v0, v1, . . . , vL = ν0, . . . , ν2k -F v0  
## !*!&!&.   ) ,
1  ! h(v0) = 0 = h(νk)  h(ν0) = −k = h(ν2k) $
1    ## v  p2  ! h(v) < 0 $
1  ! ν0 = ν2k
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ν1 = ν2k−1, . . . , νk−1 = νk+1
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vL = ν0 = ν2k
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% 4		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Γ(γ) := min{n : γ = s1 · · · sn <+ si ∈ S unionsq S−1}
= min{(w) : w ∈ FS , φ(w) = γ} .
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(Γ, S), (Γn, Sn)
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+ w = 1 	 Γn 6 	 	, 6 w = 1 	 Γ
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Fk/N 3 	 ( r  1
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 4+  		 6 H <+  
A3 B 	 φ   	 ,
HNN(H,A,B, φ) :=
H ∗ 〈t〉
N .
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γ = h0tε1h1 · · · tεnhn <+ n  0, εi ∈ {±1}, hi ∈ H . P!

Q
4+ 	 6 γ 	 P!

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 6 	 < 6 ,
t−1at P<+ a ∈ AQ  tbt−1 P<+ b ∈ BQ 
 O  + 6<	 
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9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 ! -%. γ = h0tε1h1 · · · tεnhn 	+ n  1  !+ 9 #!! !
2 9 γ = 1 ! HNN(H,A,B, φ)
4+ +< 	  + + 	  n 	 	   "
	  	2, 	 , γ
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		 BS(m, n) =
〈
a, b
∣∣ abma−1 = bn〉 6 m, n ∈ Z∗
 #	 φ(nk) =
mk3 < + BS(m, n) = HNN(Z, nZ,mZ, φ)
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 ' 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5 (H,S)   ;   	 Γ = HNN(H,A,B, φ)
 /	 + #	 <
   <  6 gΓ
    + + 3 < ,   gΓ  gH 3
  + 	 	 H    	 	 Γ
 5  	K
α := min
{
H(a) : a ∈ A \ {1}
}
;
β := min
{
H(b) : b ∈ B \ {1}
}
.
3, "22  (H,S)2 Γ2 α  β ( 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(*  9 T 9*
min{gH , α + β + 2, 2α + 6, 2β + 6}  gΓ  gH .
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+ Γ ! ! FS   9 r !  ! + H 	 !2 (r)  gH 
  #	 r = 1 	 Γ 	 	 + 		  H → Γ  	:3
<   r = 1 	 H
 )	 +  	
 4+ 	 	 6< ,
		 6 gH 
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 4 + +  	3   ;  	 r 6 Γ 	 +<
+ (r)  m3 <+ <  m := min{gH , α + β + 2, 2α + 6, 2β + 6}

O r = h0tε1h1 · · · tεnhn <+ εi ∈ {±1}3 hi ∈ FS 	 hi = 1 6
εi = −εi+1
 U  	 ,  P+Q 	: 3 < , 
+ r  ,, 
 /6 n = 03 < ,   + h0 = 1
 #	
r = 1 	 Γ3 	 , +
∑n
i=1 εi = 0
 /	 3 n  	
 5 
	 +   	 +< (r)  m 	 + 	K
	 n = 0< O   r = h0 ∈ FS
 4+ (r)  gH  m , 5
!



	 n = 2< 	   r = tεh1t−εh2
 /6 < ;  r 	 Γ3 < +
r = 1 	 + h1 ∈ A P6 ε = −1Q  h1 ∈ B P6 ε = 1Q , !	1 5

# ε = −1 P	  ε = 1 + 6   	 6  + Q

5;	  h1 	 FS3 +  <  P + < 
h1 = 1Q

• /6 h1 = 1 	 Γ3 5 !

  (r)  (h1)  gH  m

• /6 h1 = 1 	 Γ3 +	 (h1)  α
 	 + + +	 h−12 = t−1h1t ∈ BS
+ (h2)  β 	 (r)  α + β + 2  m

	 n  4< O + r = 1 	 Γ
 !, !	1 53 +  	 	(
i + + + εi = −13 εi+1 = 1 	 hi ∈ A3  εi = 13 εi+1 = −1 	
hi ∈ B
 #	 , 	: 	  	 +3 < ,  i = 13 
+ r = tε1h1t−ε1h2tε3h3 · · · tεnhn
 5    ε1 = −1 P 	
+  ε1 = 1   	 6  + Q
 # r′ = wh2tε3h3 · · · tεnhn
<+ w ∈ FX  + + w = t−1h1t 	 Γ P	 6 + 	  	 BQ

 ,	 !	1 5  r′3 	  + ( 	 	( j  3 +
+ + εj = −1 = −εj+1 	 hj ∈ A3  εj = 1 = −εj+1 	 hj ∈ B

4+  + K
-& O  B5 ;  54
• /6 h1 = 1  hj = 1 	 Γ3 5 !

  (r)  gH  m 


• /6 h1 = 1 	 Γ3 hj = 1 	 Γ 	 εj = 13 +	 (h1)  α 	 (hj)  β

4+ (r)  α + β + 4 > m

• /6 h1 = 1 	 Γ3 hj = 1 	 Γ 	 εj = −13 +	 < < r =
t−1h1tw1t−1hjtw2 <+ (h1)  α 	 (hj)  α
 4+ < w1, w2
 	 ,  r  ,, 
 4+ (r)  2α+6  m
P.; + 2α + 6 <   , 2β + 6 	 +  ε1 =
1, εj = 1Q

4+ 6  
 
O 	< 	   + 6 ! "#  3 + < 	
	 6 4+ !

  	 6 + 	 + 6 + + 	

0 , < + + 6<	 	K
8	 "22  m, n ∈ Z∗ V 9*
gBS(m,n) = min
{|m|+ |n|+ 2, 2|m|+ 6, 2|n|+ 6} .
  # m := min{|m|+ |n|+ 2, 2|m|+ 6, 2|n|+ 6} 	 Γ = BS(m, n)

O + gZ = +∞3 α = |n| 	 β = |m|
 4+3 4+ !

 
gΓ  m
 4  + gΓ  m3 <  	 6 	 + |m|+ |n|+23
2|m|+ 63 	 2|n|+ 6
 *,K
• abma−1b−n + 	 + |m|+ |n|+ 2S
• abma−1bab−ma−1b−1 + 	 + 2|m|+ 6S
• a−1bnaba−1b−nab−1 + 	 + 2|n|+ 6

4+ 6  
 
4+ !

 6 		  	<  	2	 6 	 !

3
	  2	 6   Γn =
〈
a, b
∣∣ Rn〉 	   + 6   	
<  	 P; ,  		 Q 6 	 	, 6 gΓn 	  ∞

% , - ' %&' 
4+ 	  	,   + 6 6 4+ !


 O 	
 + BS(1, n) = BS(−1,−n)  ;  
 4+ < , 
D 64  ;		 ;  54 -
m = 1
 )	3 <  Γn = BS(1, n) 	 Γ = Z  Z
 /	 Z  Z3   
a = (1, 0) 	 b = (0, e0)
 O +  +< + 6  w ∈ F2K
PQ 6 w = 1 	 Z  Z3 +	 w = 1 	 BS(1, n) 6 |n|   	 +S
PQ 6 w = 1 	 Z  Z3 +	 w = 1 	 BS(1, n) 6 |n|   	 +

5 w ∈ F2
 	 	 < w = aαaα1bβ1a−α1 · · · aαkbβka−αk 	 F2
 4+
  6 w 	 Γ  (α,
∑k
i=1 βieαi)3 <+ ej ∈ ⊕h∈ZZ  +   
j
 5 m = min1ik αi
 /	 Γn = BS(1, n)3 < +
w = aαamaα1−mbβ1am−α1 · · · aαk−mbβkam−αka−m
= aαambβ1n
α1−m · · · bβknαk−ma−m
= aαamb
 
h∈Z

 
αi=h
βi

nh−m
a−m
PQ   w =
Γ
13 < + α = 0 	3 ∀h ∈ Z3 ∑αi=h βi = 0
 )	
w =
Γn
a0amb
 
h∈Z 0·nh−ma−m = 1 ∀n ∈ Z∗ .
PQ   w =
Γ
13 + α = 0  ∃h ∈ Z + + ∑αi=h βi = 0
 4+
  6 w , + + Γn → Z  	 , a → 1, b → 0  α
 )	3
6 α = 03 +	 w =
Γn
1 ∀n
 /6 α = 03 <  h0   + (  6 h
+ +
∑
αi=h
βi = 0
 N |n|   	 +3 < +∣∣∣∣∣∣
∑
αi=h0
βin
h0−m
∣∣∣∣∣∣ >
∣∣∣∣∣∣
∑
h<h0
∑
αi=h
βin
h−m
∣∣∣∣∣∣ .
N +  6 n3 <  
w =
Γn
amb

 
αi=h0
βi

nh0−m+
 
h<h0

 
αi=h
βi

nh−m
a−m =
Γn
1 .
4+ 6  
 
%3 	 	& - - %&
' 
O 	<  +  |m|  2
 0 ,3 <  	 + 6 6
4+ !


 O  + BS(m, n) = BS(−m,−n)  ;  

4+ 2, < <    m > 0 	 6<	 6
 O  	
<+  5 <++ , +< + + 2	 (BS(m, n))n  	
6 	 	

- O  B5 ;  54
+ "22  m, n ∈ Z∗2 d = (m, n) V T! m = dm12 n = dn1
 k ∈ Z2 h  1 
w = ah+1bma−1b−ka−hbah+1b−ma−1bka−hb−1 .
	+ |n|  22 T 9* w = 1 ! BS(m, n) !+  ' !+ n ≡ k (# mh1d)
4+ 	 	  mh1d P	 6 m
h
Q  + 	 6 + +,"
+ _n ,   m_ 	 	 4+ !



  5 Γn = BS(m, n)
 O +
w =
Γn
ahbn−ka−hbahbk−na−hb−1 .
5  	< 	 + + K
	 < n ≡ k ( m)

O + w =
Γn
1 , !	1 53 	 |n|  2

	 < n ≡ k ( mh1d)3  n ≡ k ( m)

O < n− k = mg1d <+ g < h 	  	   6 m1
 )	 ng1d
 	   6 m = m1d3 6 m1  ,   n1
 O +
w =
Γn
ah−gbn
g
1dag−hbah−gb−n
g
1dag−hb−1 =
Γn
1
, !	1 5 P 	  |n|  2Q

	 < n ≡ k ( mh1d)

5  < n− k = mh1d
 4+	 w =
Γn
bn
h
1dbb−nh1db−1 =
Γn
1
 
    	  4+ _6_      6 4+"
 !

 <

O  	< + _	, 6_ 
 5 Γn = BS(m, kn)
 O  +
2	 (Γn)n  	  	 		 PQ 	  +
 O +  +<
+ 		 PQ +

N( h  1
 N k ∈ Z < 
wk = ah+1bma−1b−ka−hbah+1bma−1bka−hb−1 .
  (Γn)n 	 3 < + P6 + k ∈ ZQ + wk =
Γn
1 6 n  
	 +3  wk =
Γn
1 6 n   	 +
   kn  ,   m 6 
n3 5 !

 	 + P6 + k ∈ ZQ + kn ≡ k ( mh) 6 n
  	 +3  kn ≡ k ( mh) 6 n   	 +
 4+  + kn
 	, 		  mh P∀h  1Q

D 64  ;		 ;  54 -
/ 	  +< + |kn| → ∞
   , 		 + +
(   ∈ Z + + kn =  6 		, 	, n
   PQ  	
+ P
 (kn)n  	 	, 		Q3   =	   + <
6<	 K
	 < ∃′ =  + + kn = ′ 6 		, 	, n

4; h   	 +  + mh > | − ′|
 4+ 2	 kn 		 
	, 		  mh3 	 		 <+ +   6 +
6

	 < ∃  2	 (knj )j 6 (kn)n + + |knj | → ∞

O  w = abma−1b−
 N 		, 	, n P+  6 <++ kn = Q3
< + w =
Γn
1
 	 + + +	 |knj | >  6 j   	 +
 N +
 6 j3 < +
w =
Γnj
bknj− =
Γnj
1 .
4+ 	 + 	 	 + 2	 (Γn)n  	 
 
O+ 	 	<      + 6<	 4+3 <++  
    	 +	 + _6_  6 4+ !


 4+ 6 <
	  	, 

3, "22  m ∈ Z∗   (kn)n (  ) ! Z∗ 	+ |kn| → ∞
 !+ ∀h  1 9 ) (kn)n ! *'  # mh2 9 9
) (BS(m, kn))n ! * ! G2
+ "22  m, n, n′ ∈ Z∗  h  1 	+ n ≡ n′ (# mh)2 9 /!
s0, . . . , sh$ s
′
0, . . . , s
′
h$ r1, . . . , rh2 T9!9  !)2 9 9,
-!. 0  ri < m ∀i$ s0 = 1 = s′0$
-!!. si−1n = sim+ ri  s′i−1n
′ = s′im+ ri ∀ 1  i  h$
-!!!. si ≡ s′i (# mh−i) ∀ 0  i  h
  	 + 	 	 n ≡ n′ ( mh)3 < 	 P, '	
	Q s0n = n = s1m + r1 	 s′0n′ = n′ = s′1m + r1 <+ 0  r1  m
	 s1 ≡ s′1 ( mh−1)
 )	 < + s1n ≡ s′1n′ ( mh−1)
 P5 
+C + <  	 	, + s1n ≡ s′1n′ ( mh)
Q
*<3  : 	   +  	 	2	 6< 6
		
 
	  < w 	 F23 < ,  !	1 5    	
BS(m, n)  BS(m, n′)
 ! w    	 	 6 +  
- O  B5 ;  54
	 	 	 + + 	
 '	 6    	 +   +  
	 +  < 	  	
 4+  6 	( 	 3 	 
	3  	 +   6 	 	 +  
 4+
<  6  	 + w   	 	 BS(m, n) 6 	 	, 6  
	 	 BS(m, n′) P	  	Q

+ "22  m, n, n′ ∈ Z∗  h  m  1 # 9 n ≡ n′
(# mh)  
α = k0 + k1n+ k2s1n+ . . . + kmsm−1n
α′ = k0 + k1n′ + k2s′1n
′ + . . . + kms′m−1n
′
T9 s0, . . . , sh$ s
′
0, . . . , s
′
h$ r1, . . . , rh  !* (' ## D7 V #
#* 9 T 9* |k0| < min(|n|, |n′|)
-!. V 9* α ≡ 0 (# m) !+  ' !+ α′ ≡ 0 (# m) 	+ 9! 9
T  abαa−1 =
BS(m,n)
bβ  abα
′
a−1 =
BS(m,n′)
bβ
′
T!9
β = 1n+ 2s1n+ . . . + m+1smn
β′ = 1n′ + 2s′1n
′ + . . . + m+1s′mn
′ .
-!!. V 9* α ≡ 0 (# n) !+  ' !+ α′ ≡ 0 (# n′) 	+ 9! 9
T  a−1bαa =
BS(m,n)
bβ  a−1bα′a =
BS(m,n′)
bβ
′
T!9
β = 0 + 1n+ 2s1n+ . . . + m−1sm−2n
β′ = 0 + 1n′ + 2s′1n
′ + . . . + m−1s′m−2n
′ .
  PQ O + α ≡ α′ ( m) , 		
   	< +
α ≡ 0 	 α′ ≡ 0 ( m)
 O +
α = k0 + k1r1 + . . . + kmrm + k1s1m+ . . . + kmsmm .
  α ≡ 0 ( m)3 < 	 abαa−1 =
BS(m,n)
bβ <+
β =
n
m
(k0 + k1r1 + . . . + kmrm) + k1s1n+ . . . + kmsmn
4+ <  1 = 1m(k0 +k1r1 + . . .+kmrm) 	 i = ki−1 6 2  i  m+13
	 	 +  	 <+ α′ 	 BS(m, n′)3 < 	 
β′ = 1n′ + 2s′1n
′ + . . . + m+1s′mn
′ .
D 64  ;		 ;  54 -
PQ   |n| > |k0| 	 |n′| > |k0|3 < + α ≡ 0 ( n) 6 	 	, 6
k0 = 0 6 	 	, 6 α′ ≡ 0 ( n′)
 # 	< +   + 
 O
+ abαa−1 = bβ 	 BS(m, n) <+
β = k1m+ k2s1m+ . . . + kmsm−1m
= k1m− k2r1 − . . .− kmrm−1 + k2n+ k3s1n+ . . . + kmsm−2n .
)	 <  0 = k1m−k2r1− . . .−kmrm−1 	 i = ki+1 6 1  i  m−1
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′ + . . . + m−1s′m−2n
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 O  PQ 	  +3 
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 w = bλn 	 Γn
6 		, 	, n
 4+	 +  ε1 + . . . + εm + ,   C P	
 m  	Q
 O +  +< + w = bλn 6 n   	 +

N n   	 +3 < ,  +3 |kn| > |αj | 6  1  j  m
	 + kn1   	 	  m
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3 6  n
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′
0,naε
′
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	 	 	 n

- O  B5 ;  54
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 /	 +
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α
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	 Γn
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α
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m
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m
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i=0 αiy
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5 m ∈ Z∗
 . + + 	 6 m" 	  Zm  + :
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. . . → Z/mhZ → Z/mh−1Z → . . . → Z/m2Z → Z/mZ
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 m = ±pk11 · · · pk (
! #!! ! !# +,
-.  9  !#9!# + ! ! Zm ∼= Zp1 ⊕ . . .⊕ Zp 	
!2 + m  !#2 9 ! Zm 9 0 !*!
-(.  9  + !*!( # + Zm ! !* ('
Z×m = Zm \ (p1Zm ∪ . . . ∪ pkZm) ;
-. ' ! + Zm ! !! * ' ! + Zm !! 
0 !  ( T! pi11 · · · pi Zm T!9 i1, . . . i ∈ N
-. # |m| ≥ 2 ; ' i1, . . . i ∈ N2  9 Z ∩ pi11 · · · pi Zm =
pi11 · · · pi Z
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 *  + 	 PQ"PQ   	  |m| = 1 P


 = 0Q
 O  +	 |m|  2 	 <+ 6<

>? %	 + 6<	    P6 h  2QK
Z/mhZ  Z/mh−1Z
⊕
s=1
Z/phkss Z
∼=

⊕
s=1
Z/p(h−1)kss Z .
∼=
	  :    Zm ∼= Zp1 ⊕ . . .⊕ Zp

>? N 	,  p3   < ;	<	 + +   6 	 p"
	   Z×p = Zp \ pZp
 /	 < 6 PQ3 + 		 6< ,

>? 5 I  	  6 Zm
 / 	 , PQ  	  6 Zp1 ⊕
. . . ⊕ Zp3 <++ +  + + 6 I1 ⊕ . . . ⊕ I <+ Is  	  6
Zps 
 #	   < ;	<	3 6 	,  p3 + + 		C  6 Zp
 (, + phZp1 6 h ∈ N3 	  3 6 , s3 Is = piss Zps  Is = 0

# ξ = (ξ1, . . . , ξ) <+ ξs = piss 6 Is = piss Zps 	 ξs = 0 6 Is = 0
 #
e1 = (1, 0, . . . , 0), . . . , e = (0, . . . , 0, 1)
 4+  I  ,  	
, e1ξ, . . . , eξ3 +	 , ξ
 %	2	,3 I   	 

  	< + I 		  		C 	  k
 #	 k  	
	+ 	 	, Zps3 	 + I = p
i1
1 Zp1 ⊕ . . . ⊕ pi Zp <+ i1, . . . , i ∈ N
	 ξ = (pi11 , . . . , p
i
 )
 #	 ηs =
∏
t=s p
it
t 3 < 	 	 	 "
	 η = (η1, . . . , η) + + ηξ = p
i1
1 · · · pi · (1, . . . , 1)
 4+ 
I = pi11 · · · pi Zm
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 4 +< + 	3 ; n ∈ Z ∩
pi11 · · · pi Zm
 N 	, s3 	 + 6<	 2	 6 P		Q "
+
Z → Zm → Z/misZ → Z/piss Z
<+ 	  + 		 :	 Z → Z/piss Z
 #	 n  	
pi11 · · · pi Zm3   	 + ;	 6  +  	 + 	 pi11 · · · pi Z
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/6 22  m (  ! 9 9 |m|  2   p1, . . . , p
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 	+ E !  ( + Zm 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#( pi11 · · · pi -T!9 i1, . . . , i ∈ N. 9 9 9 !  (' E !
pi11 · · · pi Zm
	+ |m| = 12 T  (' *! (Zm) = 1
+ 22  m ∈ Z∗   m′ (  !*! + m   T!
m′ = ±pj11 · · · pj′′  m = ±pk11 · · · pk 9! #!! ! !# +
-′    js  ks +  s = 1, . . . , ′.  π : Zm → Zm′ 9 #9!#
! ('  ! Z/mhZ → Z/m′hZ -+ h  1.  9 9 +T!
9,
-.  9 π(n) = n + ' ! n$
-(. ; ' d = ±pi11 · · · pi′′ T!9 i1, . . . , i′ ∈ N2  9 π−1(dZm′) =
dZm
   	 PQ  
 4+ + π 	 , "
	 %

 PQ  + :	
⊕
s=1
Zps 
′⊕
s=1
Zps .
N 	, d3 	 + +	 ,
π−1(dZm′) = π−1
(
′⊕
s=1
piss Zps
)
=
′⊕
s=1
piss Zps ⊕
⊕
s=′+1
Zps = dZm,
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E
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   	 <+ < 	 	 6<	 	

4+ 6   	 k  	 <  	 , Fk3  FS P<+
S = (s1, . . . , sk)Q 6 < <	   + 	 6 P		Q  	"
	 	
     	 k 	    (Γ, S) <+ Γ  
  	 S = (s1, . . . , sk) ∈ Γk   6, <++  	 Γ
   ;
  (Γ, S)  <, <+  		 + φ : FS → Γ3  "
	 	 + 6 ;   <	 FS/Kerφ 	 Γ
 )	 
 6 ;   	 <,  	 ,  2	 6 FS
 /	
 6      	 ,  		3 + 	  ;	 	 

4+ 		 	 6 R := Kerφ   	 6 (Γ, S)
 	
w ∈ Fk < < 6	 < _w = 1 	 Γ_  _w =
Γ
1_  , + +  
6 w 	 Γ  

5 w = xε11 · · · xεnn    < 	 FS P<+ xi ∈ S 	 εi ∈ {±1}Q

4+ 	  n   + 	 6 w 	 	 |w|
 /6 (Γ, S)   ;
  	 k  	 	 γ ∈ Γ3 + 	 6 γ 
|γ|Γ := min{n : γ = s1 · · · sn <+ si ∈ S unionsq S−1}
= min{|w| : w ∈ FS, φ(w) = γ} .
5 Gk  +  6 ;   	 k  	 P  ; "
+Q
 5   + +  , 	 Gk  6 + 6<	 
K 6 (Γ1, S1) = (Γ2, S2) ∈ Gk <  d
(
(Γ1, S1), (Γ2, S2)
)
:= e−λ
<+ λ  + 	 + 6  + 	 6 Fk <++ 	+ 	 	  
	 	 	 + + 	
 ! <+ +  +  ; 	 	  +
6<	 +C	 6 	 	 2	

+ 22 >?%2 4!! A  (Gn)n0 (  ) + #U
 ! Gk  9 ) (Gn)n0 ! *! !+  ' !+ + '
w ∈ Fk2 T 9* !9 w = 1 ! Gn + n  92  w = 1 ! Gn +
n  9
4+   ; + +  		 +C (,
%+, 2	
  	+ 6 	 < <  	 +   +
6<	 K
+ 22 >72 ## %7A 	+  ) (Gn)n0 ! Gk ! *!
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 4		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 #U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 "! !2 92 +
n  92 Gn !  #U )! + G
O  +   +  	 6	 6 6
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
O   	<  		 	 			 <++ + 	 + <+ 

N3  + < 	 + ! "#   ,
BS(m,n) =
〈
a, b
∣∣ abma−1 = bn〉 (m,n ∈ Z∗) .
4+	3 < 	  	< 6, 6   	 + 6<	 <,K
/6 227 ; m ∈ Z∗  ξ ∈ Zm2  "  #U  
T  BS(m, ξ) (' 9 +#
BS(m, ξ) = lim
n→∞BS(m, ξn)
T9 ξn ! ' ) + ! 9 9 ξn → ξ ! Zm  |ξn| → ∞
-+ n →∞.
* + BS(m, ξ)  < 	 6 	, ξ ∈ Zm , 4+  6
DE
 *  + 6 	, n ∈ Z∗3 	 + BS(m,n) = BS(m,n)
 /	3
+ < abma−1b−n 	 + 	, 	 	 BS(m,n)3  	
	 BS(m,n)

O+	 	  ;  3 + 6   F2 = F(a, b)3 +
! "#   	 +   BS(m, ξ)   P	  +"
<Q    ; , +  (a, b)

 	+   <++ , 	 	  	 +  
Z  Z = Z t Z[t, t−1] ∼= Z s
⊕
Z
Z
<+ +  	 6 +  , 6 Z  	 Z[t, t−1] , 	
, t 3 2	,3 	
⊕
Z
Z , +6	 + 	
 4+    
P	  +<Q   ; , +  		  		 
6 	 (1, 0) 	 (0, t0)

4+    < 	 +  Γ(m,n) = Z n
m
Z[ (m,n)
	
(m,n) ] Pm,n ∈
Z∗Q <+ +  	 6 +  , 6 Z  	 Z[ (m,n)
	
(m,n) ] , "
	 ,
n
m 
 4+     P	  +<Q  
; , +  		  		 6 	 (1, 0) 	 (0, 1)
 4+
$ O  		  ;  54   3 ;		
 	  +   6 (1, 0) 	 (0, t0) , + ++
Z  Z → Z  Z[ (m,n)
	
(m,n) ]  	 , + 	 t =
n
m S +,   +
  6 + 	 a 	 b 6 BS(m,n) , + ++ 	
, a → (1, 0) 	 b → (0, 1)
 * 	, + +   Z  Z[ (m,n)
	
(m,n) ]
 =	, 	 Q P RQ , (1, 0) · x = nmx 	 (0, y) · x = x + y

O 	 + ++ σa : F2 → Z 	 , σa(a) = 1 	
σa(b) = 0
 / 6 + +    BS(m,n), BS(m, ξ),Z  Z,Z  n
m
Z[ (m,n)
	
(m,n) ]
 4+ 	 +   	 σa
 4 	 + 	
< 	 + ++¯: F2 → F2  	 , a¯ = a 	 b¯ = b−1
 *
+    <+ 2	  	  	 ++
¯ : BS(m,n) → BS(m,n) 6 m,n ∈ Z∗ 	 ¯ : BS(m, ξ) → BS(m, ξ) 6
m ∈ Z∗, ξ ∈ Zm

 		 (	 -  5
	&  6 
&  0 *  / 

O 	 +  
Tm,n =
〈
a, b
∣∣ am = bn〉 	 Tm = 〈a, b ∣∣ [am, b] = 1〉 , m, n ∈ Z∗.
O+	 m 	 n  , 3 +   Tm,n  + 6		
  6 S3 \Km,n <+ Km,n  + ;	 <	 	 +  T2  R2/Z23
	  +   6 +  t −→ (mt, nt)
 	 <+ + 	
  6  	 (a, b)3 +   Tm,n 	 Tm  ;  
6 G2

8	 22 i)  9 !#! + Tm,n ! G22 T9 m  n  (9
 !"!'2 ! 9 +  F2 = 〈a, b〉 #U T!9 !   +

ii) # T 9 m ! "/  9 !#! ! G2 + Tm,n2  n  
!"!'2 ! Tm
  *  + Tm,n  + 6  6 〈a〉  Z , 〈b〉  Z <+
 	  〈am〉  Z 	 〈bn〉  Z P D3 %+
/?E 6 		Q

5   i)
 / =  +< + 6 	, 6,  < w
	 {a, b}±13 +   	  L = L(w) + +
% B5	5 N ; 6  54 $
(1) w =
F2
1 ⇒ w =
Tm,n
1 6  m,n > L,
(2) w =
F2
1 ⇒ w =
Tm,n
1 6  m,n > L.
  (1)  3 < 	, 	   (2)
 5 w   6, 
< 	 {a, b}±1
 !, + 	 6 + D3 4+ /?

E 6
6  <+  	3 +   6 w 	 Tm,n   6 
m,n > |w| 6 	 	, 6 w =
F2
1
 4+  + 6 6 i)

5  +< + 	 ii)
 !, 	 ,;1 +3 +   	 ,
a −→ a, b −→ b 	 	 + 6 Tm 	 Tm,n 6  m,n ∈ Z

/ =  +< + 6 	,  < w 	 {a, b}±13 +  
	  L = L(w) + +
(1) w =
Tm
1 ⇒ w =
Tm,n
1 6  n > L,
(2) w =
Tm
1 ⇒ w =
Tm,n
1 6  n > L.
  (1)  3 < 	, 	  +< (2)
 5 w = aα1bβ1 . . . aαlbβl 
 6,  <
 O  + < 	 <
w =
Tm
asv <+ s ∈ Z 	 v = 1  v = bβ′1aα′2 . . . bβ′t−1aα′t P%

Q
<+ β′j   		"C  6  βi13 α
′
j ∈ {1, . . . ,m − 1} 6  j ∈
{2, . . . , t − 1} 	 α′t ∈ {0, . . . ,m − 1}
 O  +  	 
 	 6 w
 O +< P%

Q , 		 	 l
 4+ 
l = 1  

O 	 < 6 + i ∈ {1, . . . , l}, αi = qim+ ri <+ ri ∈ {0, . . . ,m−
1}. O  α′i = ri. )	3 w =
Tm
w′ = aα′1+
 l
i=1 qimbβ1aα
′
2 · · · bβl−1aα′lbβl 
 /6
ri > 0 6  i ∈ {2, . . . , l}3 +	 +  	  
 /6 	
< + +	 w =
Tm
w′′ <+ w′′  + 6 	 6 w′ 	 < , +
		 +,+  w′′. 4+ 6 6 P%

Q  

  + n > |w| 	  w = asv 	 Tm <+ s ∈ Z, v = 1  v =
bβ
′
1aα
′
2 . . . bβ
′
taα
′
t
   	
 O + |β′j | ≤
∑t
i=1 |βj | ≤
|w| < n, 6 j = 1, . . . , t. !, + 	 6 + 6 6  <+
 	3 +   6 w 	 Tm,n   	, 6 s = 0 	 v =
F2
1
 /	
+ 3 +   6 w 	 Tm   3 <++  	 (2)


$- O  		  ;  54   3 ;		
8	 22  9  Tm  Tm′  !#9! !+  ' !+
|m| = |m′|.
  O  	 , 	 + + 	 Z(Tm) 6 Tm  + ,  
Cm = 〈am〉
 ,3 Cm ≤ Z(Tm)
 4+ 		
〈
a, b
∣∣ am = 1〉 
 		 6 + 2	 Tm/Cm
 4+ Tm/Cm  +  +
6  Z ∗ Z/mZ
   		  6   	3 < +
Z(Tm/Cm) = {1}
 #	 + 2	  Tm −→ Tm/Cm  	
	 	 	 	3 < + +	 Z(Tm) = Cm
 /6 +   Tm
	 Tm′  +3 +	 Tm/Z(Tm)  Z ∗ Z/mZ 	 Tm′/Z(Tm′) 
Z ∗ Z/m′Z
   +
 4+ 	  	, 6 |m| = |m′|

%	,3 6 m′ = −m3 < +; , + +  a −→ a−1, b −→ b
	 	 + <	 Tm 	 Tm′ 
 
& 0 * 			 

1% %	 	/
5   + 		 Γ(m,n) = Z  n
m
Z[ (m,n)
	
 (m,n) ] P #	 %

Q

* + Γ(1, n) = BS(1, n)
 /  ;	<	 6 DE + +  6
+ 2	 (BS(1, n))n≥1 	 G2  + ;   Z  Z
 5 φ  +
	+ 6 F2 	 , +  a −→ a, b −→ bm. O 	 +
 	 	+ φ : BS(m,n) → BS(m,n) 6 ! "#
 

 ; 22  9 #9!# φ : BS(m,n) → BS(m,n) !  !#6
9!# !+  ' !+ m  n  !*' !# !  !'2
Imφ ∩ 〈b〉 = 〈bgcd(m,n)〉 - >?2 ## 7CA +  +. 32 !+
gcd(m,n) = 12 9 !# + (a, b)  φk ! 9 !  (a, bm
k
) +
BS(m,n)
5  (  		C 	  m

N 	, n ∈ Z∗ 	 	,  ∈ N3 < 	 , Γn, +   6
BS(m,n)  	 , a 	 bm

PO  +  < 	  ;"
	 Q
 * + 6 m 	 n  3 +	 6 	,  ∈ N 	 +
Γn, = BS(m,n)   
 4+  <  	   + 6<	 

3, 22  m ∈ Z∗  9 +T! # 9,
-. ; ' n  + →∞2  9 Γn, → Γ(m,n) = Z n
m
Z[  (m,n)
(m,n) ]$
% B5	5 N ; 6  54 $$
-(. ; |n| → ∞  →∞2  9 Γn, → Z  Z
. (a) < ;	<	 , ! 	 # 	 D3 #	 
 	

-E
 4+,   + Γ(2, 3)  + 	C	 6 BS(2, 3) 	
+   	 	, 	  +  #+ 
 4+ 	"
 	 PQ <   	 DE   + + BS(m,n)13 6 |m|, |n|  2
	 m,n , 3  	 	6, 		"	
 /	 DE  <
  +< + +     <;, 	 P	 + 	 +
+ 6   		  	 	6,  6 + 
	Q

  4+ + φ : F2 → F2 	 ; + Γn, →
Γn,+1 6  n ∈ Z∗ 	  ∈ N
 %	2	,3 6  n ∈ Z∗3  ∈ N 	
w ∈ F23 	 +
w =
Γn,
1 ⇐⇒ φ(w) =
BS(m,n)
1 . P%

Q
5  	< ; w ∈ F2
 4+	;  P%

Q3   =	   +K
PQ N 	, n3 	 + w =
Γ(m,n)
1 =⇒ φ(w) =
BS(m,n)
1 6    	 +S
PQ N 	, n3 	 + w =
Γ(m,n)
1 =⇒ φ(w) =
BS(m,n)
1 6    	 +S
PQ 	 + w =
Z
Z
1 =⇒ φ(w) =
BS(m,n)
1 6 |n| 	    	 +S
PQ 	 + w =
Z
Z
1 =⇒ φ(w) =
BS(m,n)
1 6 |n| 	    	 +

O < w = ai1bβ1a−i1 · · · aikbβka−ikaσ
 U  	: 3 < , 
+ < + i1, . . . , ik  0
 # 	< w = max(i1, . . . , ik)
 N    w
	 n ∈ Z∗3 	 +
φ(w) = ai1bm
β1a−i1 · · · aikbmβka−ikaσ
=
BS(m,n)
bm
−i1ni1β1 · · · bm−iknikβkaσ
= bm

 k
s=1 βs( nm)
is
aσ .
)! ! %&* N( n ∈ Z∗
 4+ 2, w = 1 	 Γ(m,n) ∑k
s=1 βs
(
n
m
)is = 0 	 σ = 0
 %	2	,3 	 + φ(w) = 1 	 BS(m,n)
6    w

)! ! %&* N( n ∈ Z∗
 /	 +  σ = 03 	 < + φ(w) = 1
	 BS(m,n) 6   ∈ N
 4+ <  σ = 0 	 + 	2, w = 1
&& O  		  ;  54   3 ;		
	 Γ(m,n)  
∑k
s=1 βs
(
n
m
)is = 0
 %	2	,3 6 	,   w3 	 +
φ(w) =
BS(m,n)
bm

 k
s=1 βs( nm)
is =
BS(m,n)
1 .
)! ! %&* 4+ 2, w = 1 	 ZZ  σ = 0 	∑ks=1 βstis =
0 P ,	Q
 %	2	,3 	 + φ(w) = 1 	 BS(m,n) 6 
  w 	 n ∈ Z∗

)! ! %$&* /	 +  σ = 03 	 < + φ(w) = 1 	 BS(m,n)
6   ∈ N 	 n ∈ Z∗
 4+ <  σ = 0 	 + 	2, w = 1
	 Z  Z   ∑ks=1 βstis = 0 P ,	Q
 4+ ,	 ∑ks=1 βstis
+	 	, 	, 	, 3 	 +
∑k
s=1 βs
(
n
m
)is = 0 6 |n|  
	 +
 %	2	,3 6 	,   w 	 6 |n|   	 +3 	 +
φ(w) =
BS(m,n)
bm

 k
s=1 βs( nm)
is =
BS(m,n)
1 .
4+  + 6
 
& 0 * % 		2 	 

O 	 , BS(m,n, l) +   	 , + 		
〈
a, b
∣∣ (abma−1b−n)l = 1〉 <+ m,n, l ∈ Z∗.
4+ 6, 6 	"   <+ 	 < 	 , ! 	
DE
 )  + + +    , 	 6 |m| = 1 = |n|3
n 	 m   	 l > 1
8	 22 ! 9 +#!' + #U  BS(m,n, l) -6
T T!9 9 ! #U! (a, b). T!9 m,n ∈ Z∗  l  2  9
BS(m,n, l) → F2 ! G2 T9* |m|, |n|  |l|   !"!'
  4+    +6< , 6 + 6<	  6 !
!

*<	 D3 %+
 //3 
 
-E
 /6 X    6  	 w  	, <
	 X±1 <++   	 + 	"   <+ 	
〈
X
∣∣ rk = 1〉3
+	 + 	 + |w| 6 w <+   + <  	 , X 
	  +	 (k − 1)|r|. 
7  	;; 	 	 ; B5 ;  54 &
   	 	 7	 		 - 
		 - (	 - 5 %&
' 
8	 22  m,d ∈ Z∗  (ξn)n≥0 (  ) + !
9 9 |ξn| → ∞
	+ (ξn)n≥0 "  *! ) ! Zm 9 9 ) +
#U  (BS(md, ξnd))n≥0 * ! G2
O   + 	 , 	 2 , 4+  	 DE

*+3 <    6  	 + 6<	 

+ 22  w ∈ F2  9 9'9! + 4!! 72 9
+T! !* 9 ,
(a) !9 w = bλn ! BS(md, ξnd) + n  9$
(b)  w ! ! BS(md, ξnd) \ 〈b〉 + n  9
O  + +  a −→ (x → nmx), b −→ (x → x + 1) 	 
++ ψn : BS(m,n) −→ Aﬀ(R)

+ 22 >?%2 ## EA  w = bα0aε1bα1 · · · aεhbαh T!9 εi = ±1
 αi ∈ Z V 9* !9 ψn(w) = 1 + |n|  9  ψn(w) = 1 +
|n|  9 *2 !+ ψl(w) = 1 + # |l| > |α0|+ |α1|+ · · ·+ |αh|2
9 ψn(w) = 1 +  n
4+ 6 6 5 %

  	  , 6 5  	 DE
 !6
  3 <  + 6<	 	3 <+ 		 <   K
+ 22 >?%2 ## ?A  m,n, n′ ∈ Z∗  h  1 	+ n ≡
n′ (# mh)2 9 9 /! s0, . . . , sh$ s′0, . . . , s′h$ r1, . . . , rh2 T9!9 
!)2 9 9,
-!. 0  ri < m ∀i$ s0 = 1 = s′0$
-!!. si−1n = sim + ri  s′i−1n
′ = s′im + ri ∀ 1  i  h$
-!!!. si ≡ s′i (# mh−i) ∀ 0  i  h
& O  		  ;  54   3 ;		
+ 22  m,n, n′, d ∈ Z∗  h ≥ t ≥ 1 # 9 n ≡ n′
-# mh.  
α = k0 + k1nd + k2s1nd + · · ·+ ktst−1nd
α′ = k0 + k1n′d + k2s′1n
′d + · · ·+ kts′t−1n′d
T9 |k0| < min(|n|, |n′|)  s0, . . . , sh; s′0, . . . , s′h  !* (' ##
7?    U r1, . . . , rh  ! ## 7?
(i) V 9* α ≡ 0 (mod md ) !+  ' !+ α′ ≡ 0 (mod md ) 	+ !
9 T  abαa−1 =
BS(md,nd)
bβ  abα
′
a−1 =
BS(md,n′d)
bβ
′
T!9
β = l1nd + l2s1nd + · · · + lt+1stnd
β′ = l1n′d + l2s′1n
′d + · · ·+ lt+1s′tn′d

l1 =
1
m
(k0 + k1r1 + · · · + ktrt), li = ki−1 + 2 ≤ i ≤ t + 1.
(ii) V 9* α ≡ 0 (mod nd) !+  ' !+ α′ ≡ 0 (mod n′d ) 	+ ! 9
T  a−1bαa =
BS(md,nd)
bβ  a−1bα′a =
BS(md,n′d)
bβ
′
T!9
β = l0d + l1nd + l2s1nd + · · ·+ lt−1st−2nd
β′ = l0d + l1n′d + l2s′1n
′d + · · ·+ lt−1s′t−2n′d

l0 = k1m− k2r1 − · · · − ktrt−1, li = ki+1 + 1 ≤ i ≤ t.
	 ! 9 li8  '  9 ##   + n 
n′ # mh  9  d = 1   >?%2 ## DA
   ! "  (i) !, 5 %

 <++ 	 + si ≡ s′i
(modm) 6  i = 1, . . . , t − 13 < + α ≡ α′ (mod md )
   	<
+
α ≡ 0 ≡ α′ (mod md ).
O  α = αd 	 α
′ = α
′
d 
 O + +	
α = k0 + k1n + k2s1n + · · · + ktst−1n
7  	;; 	 	 ; B5 ;  54 &
α′ = k0 + k1n′ + k2s1n′ + · · ·+ ktst−1n′
<+ k0 = k0d 
 !, 5  (i) DE3 < + + 6<	 	
abαa−1 = abαda−1 = bβd = bβ 	 BS(md,nd)
abα
′
a−1 = abα′da−1 = bβ′d = bβ
′
	 BS(md,n′d)
<+
β = βd 	 β = l1n + l2s1n + · · ·+ lt+1stn
β′ = β′d 	 β′ = l1n′ + l2s′1n
′ + · · ·+ lt+1s′tn′
	
l1 =
1
m
(k0 + k1r1 + · · ·+ ktrt), li = ki−1 6 2 ≤ i ≤ t + 1
<++  6 + 6 6 D3 5 E
 )	 (i)  

(ii)   |n| > |k0| 	 |n′| > |k0|3 < + α ≡ 0 (modnd) 6 	 	, 6
k0 = 0 6 	 	, 6 α′ ≡ 0 (modn′d)
 # 	< +   + 
 !,
D3 5  (ii)E3 < + +	
a−1bαa = a−1bαda = bβd = bβ 	 BS(md,nd)
a−1bα
′
a = abα
′da−1 = bβ′d = bβ
′
	 BS(md,n′d)
<+
β = βd 	 β = l0 + l1n + l2s1n + · · ·+ lt−1st−2n
β′ = β′d 	 β′ = l0 + l1n′ + l2s′1n
′ + · · · + lt−1s′t−2n′
	
l0 = k1m− k2r1 − · · · − ktrt−1, li = ki+1 6 1 ≤ i ≤ t
<++  6 + 6 6 D3 5 E
 )	 (ii)  
 
   ! " O 	 Γn = BS(md, ξnd)
 5  <
w = bα0aε1bα1 · · · aεhbαh <+ εi = ±1 	 αi ∈ Z3  	 + 	 +
αi = 0 ⇒ εi = εi+1 6  i ∈ {1, . . . , h − 1}
 O  (b) 	  +3


 w = bλn 	 Γn 6 		, 	, n1
 4+	 +  ε1 + · · · + εh +
,   C P	  h  	Q
 O +  +< + w = bλn
6 n   	 +

N n   	 +3 < ,  + |ξn| > |αj | 6  j ∈ {0, . . . , h}
	 + ξn1   	 	  m
h

 O ;   6 n + +
 w = bλn 	 ΓnP+  		, 	, 	Q 	 , !	1
& O  		  ;  54   3 ;		
5
 4+ 	 + (	 6 	 	( j + + εj = 1 = −εj+1
	 αj ≡ 0 (modmd) P	 |ξnd| > |αj | 6  jQ
 N  n   	 +3
5 %

 
w =
Γn
bα0 · · · aεj−1bαj−1+βj+αj+1aεj+2 · · · bαr
<+ βj = l1ξnd = αj ξnm P		 	 nQ
 )	 <  <  <
w =
Γn
bα
′
0,naε
′
1bα
′
1,n · · · aε′h−2bα′h−2,n
6 n   	 +3 <+ ε′i = ±1 	 α′i,n = k′0,i + k′1,iξnd3 <+ + ε′i1
	 k′l,i1  	 	 	 n

*<3 6 n   	 +3 < ,  + |ξn| > |k′0,i| 6  0 ≤ j ≤
h − 2 P	 + ξn1   	 	  mhQ
   	3 < ;  
6 n + +  w = bλn 	 Γn 	 , !	1 5
 4+
	 + (	 6 	 	( j + + + ε′j = 1 = −ε′j+1 	
α′j,n ≡ 0 P mdQ3  ε′j = −1 = −ε′j+1 	 α′j,n ≡ 0 P ξndQ
 /	 +
3 <+ ,	 5 %

3 < 	
w =
Γn
bα
′′
0,naε
′′
1 bα
′′
1,n · · · aε′′h−4bα′′h−4,n
6 n   	 +3 <+ ε′′i = ±1 	 α′′i,n = k′′0,i + k′′1,iξnd + k′′2,is1,nξnd3
<+ + ε′′i 1 	 k
′′
l,i1  	 	 	 n

 	  	3 	  6+3 	 h′ = h2 3 <   	, w = b
α
(h′)
0,n
	 Γn
6 n   	 +3 <+
α
(h′)
0,n = k
(h′)
0,0 + k
(h′)
1,0 ξnd + k
(h′)
2,0 s1,nξnd + · · ·+ k(h
′)
h′,0sh′−1,nξnd
<+ + k
(h′)
i,0 1  	 	 	 n
 / 	, 	   λn = α
(h′)
0,n 
 
     " /  ,  +< +  < w  2
 1 	 BS(m,n) 6 	 	, 6   	 +    	 , b 	
ψn(w) = 1
 5 w ∈ F2
 5 %

 	 %

 , , +
+ w = 1 	 BS(md, ξnd) 6 n   	 +  w = 1 	 BS(md, ξnd)
6 n   	 +
 
 227  m,d ∈ Z∗ T!9 |m| ≥ 2   ξ ∈ Zm V "/
η ∈ Zmd 9 9 π(η) = ξ2 T9 π : Zmd −→ Zm ! 9 # " !
## 7
 h ≥ 1  w = bα0aε1bα1 · · · aε2hbα2h ∈ F2 T!9 εi = ±1 
! 9  9 αi = 0 ⇒ εi = εi+1 +  i ∈ {1, . . . , 2h − 2} V
7  	;; 	 	 ; B5 ;  54 &
 K0 = |α0| + |α1| + · · · + |α2h| V "/  ! n 9 9 n ≡
ξ (mod mhZm )  |nd| > K0(h + 1)!|m|h−1.
 9 w = 1 ! BS(md, ηd) !+  ' !+ w = 1 ! BS(md,nd).
32 9 T (# ! *( ! BS(md, ηd)
  .		  	 + 6 6 	 %

 	  3
<  + 6 w = 1 	 BS(md, ηd) +	 +   2	 6 h 		
6 w
(0) w = bα0aε1bα1 · · · aεhbα2h ,
(1) w′ = bα
′
0,naε
′
1bα
′
1,n · · · aε′h−2bα′h−2,n ,
(2) w′′ = bα
′′
0,naε
′′
1 bα
′′
1,n · · · aε′′h−4bα′′h−4,n ,












(h) w(h) = bα
(h)
0,n = b0 = 1.
<++  	  BS(md,nd)  +
|nd| > |αj |, |k(t)0,i | 6 0 ≤ j ≤ 2h, 1 ≤ t ≤ h, 0 ≤ i ≤ 2h− 2t P%

Q
<+ + k
(t)
0,i 1  + 	  	 	 + 6 6 5 %

 	
n ≡ ξ P mhZmQ. P%

Q
%	,3 6 w = 1 	 BS(md,nd) 6  n 6,	 + 		
P%

Q3 P%

Q 	
|nd| > |α0|+ |α1|+ · · ·+ |α2h| = K0 P%

Q
   6 !	1  	 +  <,  	 + 6 6 "
	 %

 	        2	 6 h 		 6
w 	  +  <
 !, 5 %

 	 5 %

3  +
		   	 	, BS(md,n′d) <+	 n′  P%

Q 	
P%

Q
 )	3 w = 1 	 BS(md, ηd)

O  k
(0)
0,i = |αi| 6 i = 0, . . . , 2h 	 K(t) = max
0≤s≤t,0≤i≤2h−2s
|k(s)0,i |

! 6 P%

Q 	 P%

Q3  =  	  +, K := K(h)
, K(0)(h + 1)!|m|h

N + t = 0, 1, . . . , h−13 + ( 	 	( c(t) ∈ {1, . . . , 2h−2t−1}
+ + + α
(t)
c(t),n  	 	  0 P mdQ P iQ   0 P ndQ
P iiQ 6  n 6,	 P%

Q 	 P%

Q
 O + + 	 K
α
(t+1)
i,n =
⎧⎪⎪⎨
⎪⎪⎩
α
(t)
i,n 6 0 ≤ i ≤ c(t)− 2 ,
α
(t)
c(t)−1,n + βc(t) + α
(t)
c(t)+1,n 6 i = c(t)− 1 ,
α
(t)
i+2,n 6 c(t) ≤ i ≤ 2h .
P%

Q
& O  		  ;  54   3 ;		
<+ α
(t)
c(t),n = k
(t)
0,c(t)+k
(t)
1,c(t)nd+k
(t)
2,c(t)s1,nnd+· · ·+k
(t)
t,c(t)st−1,nnd 	 βc(t) =
l0d+l1s1,nnd+· · ·+lt+1st,nnd <+ l0, l1, . . . , lt+1   	 , 5 %


	 s1,n, s2,n, . . . , st,n   	 , 5 %


 !, 5 %

3 < ;	<
+ + 	  l1, . . . , lt+1 	1 	 	 n 	 < + + 6<	 
	 K
(  i )
⎧⎪⎪⎨
⎪⎪⎩
l0 = 0,
l1 = 1m(k
(t)
0,t + k
(t)
1,c(t)r1 + · · ·+ k
(t)
t,c(t)rt),
li = k
(t)
i−1,c(t) 6 2 ≤ i ≤ t + 1;
P%

Q
(  ii )
⎧⎪⎪⎨
⎪⎪⎩
l0 = k
(t)
1,tm− k(t)2,c(t)r1 − · · · − k
(t)
t,c(t)rt−1,
li = k
(t)
i+1,c(t) 6 1 ≤ i ≤ t− 1,
lt = lt+1 = 0;
P%

Q
<+ r1, r2, . . . , rt ∈ {0, . . . ,m− 1} 		 	, 	 +  6 n 
mhZm
 N	,3 <   6 P%

Q K
k
(t+1)
j,i =
⎧⎪⎪⎨
⎪⎪⎩
k
(t)
j,i 6 i ≤ c(t)− 2
k
(t)
j,c(t)−1 + lj + k
(t)
j,c(t)+1 6 i = c(t)− 1
k
(t)
j,i+2 6 c(t) ≤ i ≤ h
P%

Q
O  6 P%

Q3P%

Q 	 P%

Q + 6 t ∈ {1, . . . , h − 1}
	 + + K(t+1) ≤ K(t) + 1|m| |m|(t+1)K(t) +K(t) P iQ  K(t+1) ≤
K(t) + |m|tK(t) + K(t) P iiQ
 )	
K(t+1) ≤ (|m|t + 2)K(t) 6 t ≥ 1 	 K(1) ≤ 2K(0)
 +  		  6 , (i)

O   +	 K ≤ K(0)(h + 1)!|m|h−1
 
3, 22)  m ∈ Z∗  (ξn)n≥0 ( ) + ! 9 9
|ξn| −→
n→∞∞  9 ) (BS(m, ξn))n≥0 * ! G2 !+  ' !+ 9
+T! !! (9 9 ,
(i) 9 ! # ! d 9 9 gcd(m, ξn) = d +  n  9$
(ii) ( ξnd )n≥0 "  *! ) + Zmd .
N3 < 	 + 6<	  K
7  	;; 	 	 ; B5 ;  54 &
+ 22.  mi, di, ki ∈ Z∗ + i = 1, 2 9 9
m1d1 = m2d2, |k2d2| = 1, gcd(m2, k2) = 1  d1 8 !*! d2.
 92 9 ! (T BS(m1d1, k1d1)  BS(m2d2, k2d2) ! G2
!   9 e−δ T!9 δ = 10 + 2d1m21.
   ! "# %	 r = a2bd1m
2
1a−2b 	  w = rr
 	
	 +	3 < + r = bd1k
2
1+1
	 BS(m1d1, k1d1)3 <++  w = 1 	
BS(m1d1, k1d1). 	 + + +	3 r = abm1d2k2a−1b 	 BS(m2d2, k2d2)

  m2 	 k2   	 3 < 	 + m2d2  m1d2k2 6
	 	, 6 d1  d2
 U	 + 	 6 + 3 + <	 
abm1d2k2a−1bab−m1d2k2a−1b−1  +	   6 6 w 	 BS(m2d2, k2d2)

!, !	1 53 w = 1 	 BS(m2d2, k2d2)
   |w| = 10 + 2d1m213 <
  + 		
 
   	 "$ * + 4+  6 DE +< +
+ 	 +  m = ±1
 O  +	 |m| ≥ 2

5  +<  + (i) 	 (ii)  	,
 /6 (i) 	1 +3 < 	
	 < 2	 (ξ′n)n≥0 	 (ξ′′n)n≥0 6 (ξn)n≥0 + + gcd(m, ξ′n) =
d1, gcd(m, ξ′′n) = d2, |ξ′′n| > 1 6  n 	 d1 	1  d2
 4+	 5
%

- , +< + (BS(m, ξn))n≥0  	  	 	 2	 	 G2

4 +< + (ii)  	,3 <  	< + (BS(m, ξn))n≥0 	"
  	 + +   d ∈ Z∗ + + gcd(m, ξn) = d 6  n
  	 +
 4+ ;   Γξn,d 6 BS(m, ξn)  	 , (a, b
d)
 2  BS(md ,
ξn
d ) 	< <+  		   6  	
(a, b)
 4+ 2	 6 + BS(md ,
ξn
d )1  +	  	 	 	 G2
 !,
4+  DE3 + 2	 6 	  ( ξnd )n≥0 	  	 	 "
2	 	 Zm
d


N	,3 <  , 	 %

 + (i) 	 (ii)   =	


 ; 22  9# 7E ! 9 !+ T  BS(m, ξn) ('
BS(m, ξn) T9 (ξn)n≥0 ! ' ) ! Zm  !+ T T! (π( ξnd ))n≥0
! + ( ξnd )n≥0 ! (ii) T9 π : Zm −→ Zmd ! 9 # " ! ##
7
 225  m ∈ Z∗   ξ, η ∈ Zm  9 )!' + #U

BS(m, ξ) = BS(m, η)
&- O  		  ;  54   3 ;		
9 !+  ' !+ 9 ! # d ∈ Z∗ 9 9 gcd(ξ,m) = gcd(η,m) = d
 π( ξd ) = π(
η
d ) ! Zmd 
   "% "
%+  2	 6 	  (ξn)n≥0 + +
ξ2n −→
Zm
, ξ, ξ2n+1 −→
Zm
η 	 |ξn| −→ ∞  n 	  		,.
	 + BS(m, ξ) = BS(m, η) 6 	 	, 6 + 2	 BS(m, ξn) 	"
 
 !, 4+ %

   2	  +  (m, ξn) = d 6 n  
	 + P6  d ∈ Z∗Q 	 + 2	 π( ξnd ) 	  	 Zmn 
 N	,3
  2	  +  (m, ξ) = d =  (m, η) 	 π( ξd ) = π(
η
d )
 
 22  m ∈ Z∗   ξ, η ∈ Zm T!9 ξ = η 	+  !#
+ + m !*! (9 ξ  η2 9  9 BS(m, ξ) = BS(m, η)
   "% " O,  +  (m, ξ) =  (m, η)
= d , %, %

&Q
 4+	 d = 1 , 	 	 π(ξ) = ξ = η =
π(η)
 !, %, %

&3 	   BS(m, ξ) = BS(m, η)
 
+ 22  m,d ∈ Z∗  ξ ∈ Zmd  9 #U ( +
BS(md, ξd)  (' (a, bd) ! )  BS(m,π(ξ)) T9 π : Zmd −→
Zm ! 9 # " ! ## 7
   ! " 5 (ξn)n≥0   2	 6 	  +
+ |ξn| −→ ∞, ξn −→
Zmd
ξ  n 	  		,
 #	 BS(md, ξnd) 
	 	  BS(md, ξd)  n 	  		,3 + ;   Gn
6 BS(md, ξnd)  	 , (a, bd)  	 	  +   G 6
BS(md, ξd)  	 , (a, bd)
   Gn = BS(m, ξn) 	 G23 < +
G = BS(m,π(ξ)) 	 G2
 
 * 		 - Z×m 	 G2
/	 + 	3 <   +< + + C	 6 +  6
! "#   , + m" 	   +	 <+ +  ,
	+ 6 G2
  	   6<K
/6 2 2 ; m ∈ Z∗2   " 9 +T! ( + G2,
Ym = {BS(m,n) : n ∈ Z∗} ;
Zm =
{
BS(m, ξ) : ξ ∈ Zm
}
.
?  45	 		 ; Z×M 	 G2 &$
3, 2 2 ;  m ∈ Z∗2 9 #
BSm : Zm → Zm ; ξ → BS(m, ξ)
! !2   ! !*  Z×m
N |m|  23 	 + 6 < 	< Z <+ + m" 3 +
	  
Z∗ → Ym ; n → BS(m,n)
 	<+ 		
 /	3 	 + n + pk → n 6 k → ∞3 <+
BS(m,n+pk) → BS(m,n)
 PO  + 	 + BS(m,n) = BS(m,n)3
	 + < abma−1b−n 	 +  	 	 BS(m,n)  	
	 BS(m,n)
Q
   	 " 5  ( m ∈ Z∗
 #:, 6 BSm 

   Zm  3 < 	, +  +< + BSm  		
	 	:

		+ 5 (ξn)n   2	 	 Zm <++ 	   ξ
  
	  	  	 +< + 6  n3 + ( ξn ∈ Z +
+K
PQ |ξn|  nS
PQ dm(ξn, ξ) < 1n S
PQ d
(
BS(m, ξn), BS(m, ξ)
)
< 1n 

/	 < 6 PQ3 + 2	 (ξn)n  	 	 <+  ξ 	 <  
BS(m, ξn) −→
n→∞ BS(m, ξ)   PQ
 O 	+ , 		 + <+ PQ
 	 BS(m, ξn) −→
n→∞ BS(m, ξ)


O 	< _C  +  6 	 	_ 	 +< +3
	 + 3 + BS   6 + 	, 6 + BS  
 
	   6<K
/6 2 2 ; m ∈ Z∗2 T ",
Xm =
{
BS(m,n) : n ! !*' !#  m
}
;
Z×m =
{
BS(m, ξ) : ξ ∈ Z×m
}
.
' *!2 T ' 9 Z×±1 ! #'
& O  		  ;  54   3 ;		
 2 2 ;  m ∈ Z∗2 9 (' + Xm ! G2 ! Z×m 	 !
9##9!  9  + !*!( m6! !
  4+  6 DE  + + 	 6Xm  + BS(m,n)1
<+ n ,   m 	 + BS(m, ξ) <+ ξ ∈ Z×m
 	 
, + + BS(m,n)1   	 	 Xm P	 + <
abma−1b−nQ
 4+ 2, ∂Xm = Z×m 6< ,
 4+ 	
	    	2	 6 4+ %


 
3  	 -  - 5 %&'

/  < ;	<	 +3 	  )**"(		 6 Z3  ! "#  
BS(m,n)  	, 	  !"#  D$E
   < ;	<	  +
=	 	 6 BS(m,n) 	 +  	  	 , a·x = nmx 	 b·x = x+1

4+  6 + 	      	 6 +   BS(m, ξ)

4+ =	 	 < 	   	 +   +  	 <  6
	   + +   BS(m, ξ) + + )  , 	
 (+ 		

%@ 2 O   +  <+ m    	3 <++
< 	 , p
 5 ξ ∈ Zp 	  (ξn)n   2	 6 	  + +
|ξn| → ∞ 	 ξn → ξ
 N n ∈ N3 < 
ψn = ψξn :
⎧⎪⎨
⎪⎩
BS(p, ξn) −→  H(Qp)
a −→ (x → ξnp x)
b −→ (x → x + 1)
<+ Qp  +  6 6	 6 Zp
 4+ 	  < 	 (,
6 +  	  +  =	 	 	 R

3, 22  p (  !# #(   ξ ∈ Zp2 ξ = 0  9 !
 M ! + BS(p, ξ)  Qp " ('
ψξ :
⎧⎪⎨
⎪⎩
BS(p, ξ) −→  H(Qp)
a −→ (x → ξpx)
b −→ (x → x + 1)
.
D  	 ; 		  ;  54 
  /  =	  +< + + =	 	 6 F2 	 Qp  	 ,
ψ :
⎧⎪⎨
⎪⎩
F2 −→  H(Qp)
a −→ (x → ξpx)
b −→ (x → x + 1)
 ψ(w) =  6  w + + w = 1 	 BS(p, ξ)

4; (ξn)n  2	 6 	  + + |ξn| → ∞ 	 ξn → ξ
 N
n ∈ N3 < 	  	 ψn + 	 		  +  	 6
BS(p, ξn)
 O + + ψn(a)(x) =
ξn
p x→ ψ(a)(x) 	 ψn(b)(x) = x+1 →
ψ(b)(x) 6 n →∞ Px ∈ QpQ
 / 6< , + ψn(w)(x) → ψ(w)(x) 6
 w ∈ F2
 *<3 6 w = 1 	 BS(p, ξ)3   w = 1 	 BS(p, ξn) 6 n
=	,  
 N +  6 n3 + 2, ψn(w)(x) = x + 6
 x ∈ Qp3  + <   ψ(w) = 
 
 ; 22  9 Z6! (' !  R ! 2 ( 9 Z6
! (' !  Qp !  	 !2 9 ! + BS(p, ξ) 
Qp !  2 * !+ !  9 (  (' b
3 2 O      	 <++ +   BS(m, ξ) <
 	  	 <,
 4+  <  	 6 + !"#
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 O  		  ;  54   3 ;		
<+ o(e) 	 t(e) 	 +  	 	 	 ( 6 +   e
 4+
+	 		 	 T   , + BS(m,n)"	

	 m ∈ Z∗3 ξ ∈ Zm 	 (ξn)n  2	 6 	  + + |ξn| →
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(v0Hn)n, (v1Hn)n, . . . , (vHn)n = (v0Hn)n ,
	 < <	   + (	 6  ;;	 

N 	, n3 + 2	 v0Hn, v1Hn, . . . , vHn 	  + 	 Tn
 N
n   	 +3 	 + vHn = v0Hn3  + + +  
   +
Tn1  3 +  +  +   	 ;;	 
 4+3
+ ( i ∈ {0, . . . , −1} + + vi−1Hn = vi+1Hn 6 		, 	,
 6 n Pv"	(  ;	  Q
 *<3 , 5 %

3 < 	
(vi−1Hn)n = (vi+1Hn)n 	 X
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  + Nm,ξ  6, 	 X3 

 + 	, w
′ ∈ N <++ C 
(  w′ = 1 	 BS(m, ξ)

5  ; w′ ∈ N 	 (vHn)n  ( 6 X <++  C ,
w′
 4+ w = v−1w′v C + ( (Hn)n3 

 w   < 6 b3
, w = bλn 3 	   	, 	, BS(m, ξn)1
 4+	 +   6 w
	 Γ(m, ξn) = Z  n
m
Z[ (m,ξn)
	
(m,ξn)
]  2  (0, λn) 6   	, 	,
 6 n
 !3 	 + + +	3 	 + w ∈ N 3 +  w = 1 	
Z Z3 <++  λn = 0 6 +  6 n P	 Γ(m, ξn)1  ;
2	 6 Z  ZQ
 4+3 	 + w = b0 = 1 	   	, 	,
BS(m, ξn)13 <++   w = 1 = w′ 	 BS(m, ξ)
 
8 !		 -   BS(m, ξ)
&3  4$ 
	' * % 
 BS(m, ξ)
    	 + #	   K
8	 2)2 ; ' m ∈ Z∗  ξ ∈ Zm\mZm2 9  BS(m, ξ)
!  "!' 
* + + 	 (  + (	 6  	 "
		 6    BS(m, ξ) Pξ ∈ Zm \mZmQ <+ 	+  		 

# 6 		 D-3 	 ?
E
 !, %, %

&3 +  	, 	
		 3 +  ξ = 03 <+    	;	<	 <++ BS(m, 0)
 	, 	  	
 O 	+ ; + 6<	 ;

 ; 2)2 ; |m| = 12 9 !#! BS(±1, ξ)   "!' 
  4+  D3 4+ E  BS(±1, ξ) = Z Z 6 + 	2
	 ξ ∈ Z±1 	 +  DE 6 ! 	 + 		 6
E 4  	 ;  3 54 BS(M, ξ) 
<+  	 + Z  Z  	 	, 	
 
+ 2)2  m ∈ Z∗  ξ ∈ Zm \ mZm   ( 9 #/!#
/ ! 9 #!! + m ! !# +   d = (m, ξ)2
m1 = m/d
-.  9 /!  ) (ξn)n ! Z∗ 9 9 +  n  1  9
|ξn| > |ξn−1| 
ξn ≡ ξ (# mnZm) ;
ξn ≡ ξ (# mn+11 dZm) .
-(.  9! ) !" |ξn| → ∞2 ξn → ξ 
ξn ≡ ξr (# mn) ∀r  n ;
ξn ≡ ξn+1 (# mn+11 d) ∀n .
  >? 5 p    6 6 m1 P+ ( 	3 6 ξ ∈ mZmQ

4+ 2	 (ξn)  	 	,
 O + 6 ξ0 	, 		C
	  + + ξ0− ξ ∈ mZm
   + n"+ 3 <  	 , 		 +
+ (		 6 p 	 + 	 6 mn P, mn+11 dQ  
 n P,   n+1Q
 )	3 mn+11 d  	   6 m
n
3
 + + ( α ∈ Z <+ ξ ≡ α ( mn)  ξ ≡ α ( mn+11 d)

* 	< + < ,  α , 	, 	 6 +  α +
mnmn+11 dZ3  +  =  + ξn 	 + 	 β 	 +
  <++ 6, |β| > |ξn−1|.
>? 4+  ξn ≡ ξ ( mnZm) 	 |ξn| > |ξn−1| , ,
ξn → ξ3 |ξn| → ∞ 	 ξn ≡ ξr ( mn) 6 r  n P6 +  	3
	 %

 PQ  Q

N	,3 		 +  ξn+1 ≡ ξ ( mn+1Zm) 	 ξn ≡
ξ ( mn+11 dZm)   ξn ≡ ξn+1 ( mn+11 d)
 
     "$ 4+ +,+ ξ ∈ Zm \ mZm 
m  2
 4; , d,m1 	  2	 (ξn)  	 5 %


 	 + +	
BS(m, ξn) → BS(m, ξ)
 /  + =	 , 5 %

   +
+ BS(m, ξn)1  	 ; 2	 6 BS(m, ξ) P6 n   	 +Q

* 	< + P6 n   	 +Q 	 +  (m, ξn) = d 	 ξn ≡
ξ ( mZm) +
 # + <
wn = an+1bma−1b−ξna−nban+1b−ma−1bξna−nb−1.
- O  		  ;  54   3 ;		
 PQ 6 5 %

 	 <+ 5  6 DE   wn = 1 	
BS(m, ξr) 6  r  n3 +	 wn = 1 	 BS(m, ξ) P6 n   	 +Q

	 + + +	 <   wn+1 = 1 	 BS(m, ξn) +  <,3  +
BS(m, ξn)  	  ; 2	 6 BS(m, ξ) P6 n   	 +Q
 
&3 #$ 	 
	 * BS(m, ξ)
N m ∈ Z∗ 	 ξ ∈ Zm3 < 	 +  R = Rm,ξ ,
Rm,ξ =
{
ww¯ : w = abα1 · · · abαka−1bαk+1 · · · a−1bα2k
<+ k ∈ N∗, αi ∈ Z (i = 1, . . . , 2k) 	 w · v0 = v0
}
<+ v0  + 6 ( (Hn)n 6 +  Xm,ξ 	 	 #	
%


. + + C 6 + ( v0 	 6 	 <++ 
< 6 b 	   	, 	, BS(m, ξn)3 <+ (ξn)n  	, 2	
6 	  + + |ξn| → ∞ 	 ξn → ξ 	 Zm P .; %

Q
 /
6< + < + w · v0 = v0 ⇔ w¯ · v0 = v0

4+  6 + 	 #	    + 6<	 	

3, 2)2 ;  m ∈ Z∗  ξ ∈ Zm2 9 #U  BS(m, ξ)
#! 9 !
〈
a, b
∣∣ Rm,ξ〉
# Γ =
〈
a, b
∣∣ Rm,ξ〉 6 + #	
 /   + + 	 6
Rm,ξ   	 BS(m, ξ)3  + 	 +  ; P+	 :Q +"
+ Γ → BS(m, ξ)
 4+ %

  +   + 6<	 
	3 <++   + 	:,

8	 2)2  w (  T  9 9( {a, a−1, b, b−1} 	+ 
9 w = 1 ! BS(m, ξ)2 9 9 )!' w = 1  9 ! Γ
!6   	 %

3 < 	  	  		
<+ 	       		

! -	  ,	2 5    P	   +Q 	, 	 2	
6  + + + 6 +  :	  + 	 	
 5 w
 	, < 	 + + {a, a−1, b, b−1}
 / 	 		,  +
	 + %,,  + 6 Γ P BS(m, ξ)Q <++   +  (

5  	 + + , pΓ(w) 	 pBS(w)
 4+  Γ → BS(m, ξ)
	   + + <++ 	 + + pΓ(w) 	 + + pBS(w)

E 4  	 ;  3 54 BS(M, ξ) $
4+ < w 	 +  <,  	 2	 6  	 Xm,ξ
	  v0 	 + + + 6 +  2  :	  + 	 
	
 /	3  f  +  V
(
Cay(BS(m, ξ), (a, b))
) → V (Xm,ξ) 	
, f(g) = g · v0 6 	, g ∈ BS(m, ξ)
 /6 g, g′  :	  	
Cay(BS(m, ξ), (a, b))3 +	 f(g) 	 f(g′)  + :	 P g′ =
ga±1Q3  2 P g′ = gb±1Q
 4+ 2	   w  +
  , f 6 + + pBS(w)
 *<3 	 	 	 	
+ 2	3 < 	  + + < 	 , pX(w)

/ 6< + 6 + < w  w = 1 	 BS(m, ξ) P3 	 3
w = 1 	 ΓQ3 +	 + + pX(w)   P

   (  v0Q

',  A	2 . + 	 +  ++ σa 6
BS(m, ξ) 	 Z  	 , σa(a) = 1 	 σa(b) = 0
 	  ( v 	
Xm,ξ3 <   6 v + 	 h(v) = σa(g) <+ g  	, 	
6 BS(m, ξ) + + g · v0 = v
 /  ,  +; + 	, 	 g′ 6
BS(m, ξ) <++ 	 	  + 6Xm,ξ  σa(g′) = 03
 + + + + 6		  <"	
 /   6 		 +
+ + + H	 <	 < :	   1

	 L  1 	 k  13 <  (L, k)$ 	, + p 	 Xm,ξ +
+ 	 +K
• p = (v0, v1, . . . , vL = ν0, ν1, . . . , ν2k)3 <+ v0  + 6 (S
• h(v0) = 0 = h(νk) 	 h(ν0) = −k = h(ν2k)S
• h(v) < 0 6 	, + ( v 6 pS
• ν0 = ν2k

	  (L, k)", p = (v0, v1, . . . , vL = ν0, ν1, . . . , ν2k)3 + +
(ν0, . . . , νk) 	 (νk, . . . , ν2k = ν0) +    3 6 + + + H"
	 <	 ν0 = ν2k 	 νk  k
 4+3 	 + ν1 = ν2k−1, . . . , νk−1 =
νk+1

+ 2)27  w (  T  9 9( {a, a−1, b, b−1} 9 9
9 9 pX(w) !  (L, k)6*'2 ' pX(w) = (v0, v1, . . . , vL = ν0, ν1, . . . , ν2k)
 9 /!  T w′ 9 9 9 )!' w′ = w 9 ! Γ  9
9 pX(w′) ! (v0, v1, . . . , vL)
  O   , 		 	 L

& O  		  ;  54   3 ;		
	 L = 1< /	 + 3 	 + k = 13 pX(w) = (v0, v1 = ν0, ν1, ν2)

U  	 w ,  < <++ 	 +  	 	 F2 P+	 	
ΓQ 	 +  + 	X3 < ,   + w = bα0a−1bα1abβ1a−1bβ2 

# r = ab−β1a−1b−α1abβ1a−1bα1 
 #	 ν0 	 ν2  23 + "
< abβ1a−1 P6 wQ 	   + 	 X3  + < 	
ab−β1a−1b−α1 · v0 = v0
 %	2	,3 <   r ∈ R3 <+	 r = 1 	
Γ
 /		 r 	 	(   	3 < 	
w =
Γ
bα0+β1a−1bα1+β2 =: w′ .
4+ 2,   + + + pX(w) 	 pX(w′) + + 
		
 )	 	 + pX(w′) = (v0, ν2) = (v0, v1) 	 <  	

 	< O  L > 1  +
 U   w ,  <
<++ 	 +  	 	 F2 P+	 	 ΓQ 	 +  + 	 X3
< , <
w = bα0aε1bα1 · · · aεLbαL · abβ1 · · · abβka−1bβk+1 · · · a−1bβ2k
<+ εi = ±1 	 αi ∈ Z 6  i
 O 	 + < K
PQ + ( vL−1  + + +	 vL P

 εL = −1QS
PQ + ( vL−1  < +	 vL P

 εL = 1Q

 %,&+ #
r = ab−β2k−1 · · · ab−βka−1b−βk−1 · · · a−1b−β1a−1b−αL ·
ab+β2k−1 · · · ab+βka−1b+βk−1 · · · a−1b+β1a−1b+αL .
#	 ν0 	 ν2k  23 + < ab
β1 · · · abβka−1bβk+1 · · · a−1bβ2k−1a−1
P6 wQ 	   + 	 X3  + P<+	 	   < 	
 <	  +Q  C + ( v0
 /		 3 <  
ab−β2k−1 · · · ab−βka−1b−βk−1 · · · a−1b−β1a−1 · v0 = v0 .
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	
w =
Γ
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m
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|αj | .
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